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^ PEEFACE. 



o rpHE object of the following treatise is to exhibit the 

^' elementary principles and notation of the Quaternion 

^ Calculus, so as to meet the wants of beginners in the 

class-room. The Ulements and Lectures of Sir William 
Rowan Hamilton, while they may be said to contain the 
suggestion of .all that will be done in the way of Quater- 
nion research and application, are not, for this reason, as 
also on account of their diffuseness of style, suitable for 
the purposes of elementary instruction. Tait's work on 
Quaternions is also, in its originality and conciseness, 
beyond the time and needs of the beginner. In addition 
to the above, the following works have been consulted: 
Calcolo dei Quaternione. Bellavitis ; Modena, 1858. 
Exposition de la MHhode des JEquipollences, Traduit 
de ritalien de Giusto Bellavitis, par C.-A. Laisant; Paris, 
1874. (Original memoir in the Memoirs of the Italian 
Society. 1854.) 

Theorie Elementaire des Quantites Complexes, J. 
Hoiiel; Paris, 1874. 

Essai sur une Mani^re de Representer les Quantites 
Imaginaires dans les Construction Greometriques. Par 
R. Argand ; Paris, 1806. Second edition, with preface 



IV PREFACE. 

by J. Hoiiel ; Paris, 1874. Translated, with notes, from 
the French, by A. S. Hardy. Van Nostrand's Science 
Series, No. 52; 1881. 

Kurze Anleitung zum Rechnen mit den (^Hamilton' schen) 
Quaternionen. J. Odstrcil; Halle, 1879. 

Applications Mecaniques du Calcul des Quaternions. 
Laisant; Paris, 1877. 

Introduction to Quaternions. Kelland and Tait; Lon- 
don, 1873. 

A free use has been made of the examples and exercises 
of the last work ; and, in Article 87, is given, by permis- 
sion, the substance of a paper from Volume I., page 379, 
American Journal of Mathematics^ illustrating admirably 
the simplicity and brevity of the Quaternion method. 

If this presentation of the principles shall afford the 
undergraduate student a glimpse of this elegant and pow- 
erful instrument of analytical research, or lead him to 
follow their more extended application in the works above 
cited, the aim of this treatise will have been accomplished. 

The author expresses his obligation to Mr. T. W. D. 
Worthen for valuable assistance in the preparation of 
this work, and to Mr. J. S. Gushing for whatever of 
typographical excellence it possesses. 

A. S. HARDY. 
Hanover, N.H., June 21, 1881. 
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QUATERNIOIS^S. 



CHAPTER I. 

Addition and Subtraction of Yeetors, or Geometric Addition and 

Subtraction. 

1. A Vector is the representative of transference tJiroiigh a 
given distance in a given direction. 

Thus, if A, B are any two points, vector ab implies a trans- 
lation from A to B. 

A vector may be represented geometricall}' b}' a right line, 
whose length denotes the distance over which transference takes 
place, and whose direction denotes the direction of the trans- 
ference. In thus designating a vector, the direction is indicated 
by the order of the letters. 

Thus, AB (Fig. 1) denotes transference ^^^' ^' 

from A to B, and ba from b to a. 

Retaining the algebraic signification of the signs + and — , if 
AB denotes motion from a to b, then — ab will denote motion 
from B to A, and 

AB=— BA, — AB = BA .... (1). 

Hence, the effect of a minus sign before a vector is to reverse 
its direction. 

The conception of a vector, therefore, implies that of its two 
elements, distance and direction ; it was first defined as a directed 
right line. It is now applied more generalh' to all quantities 
determined by magnitude and direction. Thus, force, the path 
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of a mo-sdng body, velocit}^, an electric current, etc., are vector 
quantities. 

Analytical!}', vectors are rej)resented by the letters of the 
Greek alphabet, a, /?, y, etc. 

•2. It follows, from the definition of a vector, that all lines 
! which are equal and parallel may he represented by the same vec- 
tor symbol with like or unlike signs, 
K equal and drawn in the same 
direction, they will have the same 
sign. Hence an equality' between 
two vectors implies equalit}' in dis- 
tance with the same direction. 
Thus, if AB (Fig. 2), cd, be, ef 
and iiG are equal and drawn in the same direction, they may be 
represented b}' the same vector symbol, and 

AB = CD = BE = EF = HG = a . . . . (2) . 

■3. It follows also from the definition of a vector that, if vec- 
tors are not parallel, the}^ cannot be represented by the same 
vector symbol. 

Thus, if the point a (Fig. 3) move over the right line ab, 
from A to B, and then over the right line bc, from b to c, and 

AB = a, bc must be denoted b}' 
some other s3'mbol, as yS. 

The result of these two succes- 
sive translations of the point a is 
the same as that of the single and 
direct translation AC=y, from a to 
c ; in either case a is found at the 
extremit}^ of the diagonal of the 
parallelogram of which ab and bc are the sides. This combina- 
tion of successive translations is called addition^ and is written 
in the ordinary way, ^ + ^ = y (3) . 

This expression would be absurd if the sjTiibols denoted mag- 
nitudes onl3^ It means that transference from a to b, followed 
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b}'' transference from b to c, is equivalent to transference from 
A to c. The sign + cloes not therefore denote a numerical ad- 
dition, or the sign = an equality between magnitudes. It is, 
however, . called an equation, and read, as usual, "a plus p is 
equal to y." This kind of addition is called geometric addition. 

' 4. If the point a (Fig. 3) , instead of moving over the sides 
AB, BC of the parallelogram abcd, had moved in succession over 
the other two sides, ad and do, the result would still have been 
the same as that of the single translation over the diagonal ac. 
But since ab and bc are equal in length to dc and ad respect- 
ively, and are drawn in the same direction, we have (Art. 2) 

AB = DC and BC = ad, 

and if the first two translations are represented bj' ab and bc, 
the second two may be represented by bc and ab, or 

aH-^ = ^H-a = y (4)., 

Hence the operation of vector addition is commutative^ or the 
sum of any number of given vectors is independent of their order. 



•5. If the point a (Fig. 4) move in succession over the three 
edges ab, bc, cg of a parallelopiped, 



we have 

and 

or 



Fig. 4. 



AB -|- BC = AC, 

AC + CG = AG, 

(ab 4- BC) -f- CG = AG. 

In like manner 

BC -I- CG = BG, 
AB + BG = AG, 



or 




Hence 



AB -f- (bc + cg) = AG. 

(ab + bc) -f- CG = ab 4- (bc 4- cg) . . . (5) , 



and the operation of vector addition is associative^ or the sum 
of any number of given vectors is independent of the mode of 
grouping them. 
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.6. Since, if AC = y (Fig. 3), then ca= — y, we have 
or, comparing with equation (3), 

a term may be transposed from one member to another in a vector 
equation by changing its sign. 

Also, in every triangle, slxij side ma}^ be considered as the 
sum or difference of the other two, depending upon their direc- 
tions as vectors. Thus (Fig. 3) 

y — ^ = a, 
y-a=^. 

It is to be observed that no one direction is assumed as posi- 
tive, as in Cartesian Geometry. The only assumption is that 
opposite directions shall have opposite signs. The results must, 
of course, be interpreted in accordance with the primitive as- 
sumptions. Thus, had we assumed BA = a (Fig. 3), y and /? 

being as before, then . 

^-a = y, 

a-^= -y. 

•7. If two vectors having the same direction be added together, 
the sum will be a vector in the same direction. If the vectors 
be also equal in length, the length of the vector sum will be the 
sum of their lengths. If n vectors, of equal length and drawn 
in the same direction, be added together, the sum will be the 
product of one of these vectors by ?i, or a vector having the same 
direction and whose length is n times the common length. If 
then (Fig. 2) 

^ AF = aJAB = flJCD = Xa, 

where a, b and f are in the same straight line, cd = ab, and x 
is a positive whole number, x expresses the ratio of the lengths 
of AF and a. From the case in which x is an integer we pass, 
by the usual reasoning, to that in which it is fractional or in- 
commensurable. Vectors, then, in the same direction, have the 
same ratio as the corresponding lengths. 
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If AB = ot be assumed as the unit vector, then 

AF = ma, 

in which m is a positive numerical quantity and is called the 
Tensor. It is the ratio of the length of the vector ma to that 
of the unit vector a, or the numerical factor by which the unit 
vector is multiplied to produce the given vector. 

Any vector, as )8, may be written in general notation 

^ = T)8U^. 

In this notation, Ty8 (read "tensor of p**) is the numerical 
factor which stretches the unit vector so "that it shall have the 
proper length ; hence its name, tensor. It is, strictly speaking, 
an abstract number without sign, but, to distinguish between it 
and the negative of algebra, it may be said to be always posi- 
tive, up (read " versor of yS") is the unit vector having the 
direction of /B ; the reason for the name versor will appear later. 

T and U are also general s}Tnbols of operation. Written be- 
fore an expression, the}^ denote the operations of taking the 
tensor and versor, respectively. Thus, if the length of )3 is w 
times that of the unit vector, 

T(^) = n, 

where T denotes the operation of taking the stretching factor, 
i.e. the tensor. While 

indicates the operation of taking the unit vector, that is, of 
reducing a vector p to its unit of length without changing its 
direction. 

8. If BC (Fig. 5) be any vector, and ba = ^c, then 

-BA = AB=-2/BC; yigg^ 

and, in general, if ba and bc be b c a 

any two real vectors, parallel and 

of unequal length, we may always conceive of a coefficient y 

which shall satisfy the equation 

ba = yBC^ 
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where y is plus or minus, according as the vectors have the same 
or opposite directions, y may be called the geometric quotient, 
and is a real number, plus or minus, expressing numerically the 
ratio of the vector lengths. This quotient of parallel vectors, 
• which may be positive or negative, whole, fractional or incom- 
mensurable, but which is always reaZ, is called a Scalar, because 
it may be always found by the actual comparison of the parallel 
vectors with a parallel right line as a scale. * 

It is to be observed that tensors are pure numbers, or signless 
numbers, operating only metrically on the lengths of the vectors 
of which they are coeflScients : while scalars are sign-bearing 
numbers, or the reals of Algebra, and are combined with each 
other by the ordinary rules of Algebra ; they may be regarded 
as the product of tensors and the signs of direction. 

Thus, let 

a= aUa. 

Then Ta = a. If we increase the length of a by the factor 6, 
& is a tensor, but the tensor of the resulting vector is 6a. If we 
operate with —ft, — 6 is not a tensor, for a is not only stretched 
but also reversed ; the tensor of the resulting vector is as before 
ha ; in other words, direction does not enter into the conception 
of a tensor. As the product of a sign and a tensor, — 6 is a 
scalar. The operation of taking the scalar terms of an expres- 
sion is indicated by the symbol S. Thus, if c be any real alge- 
braic quantity, 

S(— 6aUa-|-c) = c, 

for — 6a Ua is a vector, and the only scalar term in the expres- 
sion is c. 

*9. It is evident from Art. 7 that if a, 6, c are scalar coeffi- 
cients, and a any vector, we have 

(a + &4-c)a=aa-|-6a-|-ca. . . . (6) . 
Furthermore, if (Fig. 6) 

OAssa, AB = )8, BC = y, OA' = ma, 
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then, a'b' being drawn parallel to ab and b'c' to bc, 

a'b' = mjS, b'c' = my. 
Now 

OC = a + yS + y, 

and 

OC' = mOC = W (a -t- /? -f- y) . 

But we have also 

oc' = oa' -h a'b' + b'c' 
= ma + mp + w.y. 

Hence 

m (a + ^ + y) = ma + mp + my . . . (7) , 

or the distributive law Jiolds good for the multiplication of scalar 
and vector quantities. 

• 10. It is clear that while 

a — a=: 0, 

a± /3 cannot be zero, since no amount of transference in a direc- 
tion not parallel to a can affect a. 

Hence, if 

na -f- mp = 0, 

since a and ^ are entirely- independent of each other, we must 

have 

na = and mfi = 0, 

or 

w = and m = 0. 

Or, if 

ma + nj8 = m'a -f n'^, 

then 

m = m' and n = n'. 

And, in general, if 

Sa-f 2/8=0, 
then }-.... (8). 

2a = and 2j8 = 
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Fig. 7. 



Three or more vectors ma^', however, neutralize each other. 

Thus (Fig. 7) 

' ^ and this whether abcd be plane or 
gauche. In an}' closed figure, there- 
fore, we have 

a-f)S + r + 8 + =0, 

where a, p, y, 8, , are the vector sides in order. 





also, 



U. Examples. 

'1. The 7'ight lines joining the extremities of equal and parallel 

. right lines are equal and parallel. 

Tig. 8. 

Let OA and bd (Fig. 8) be 
the given lines, and oa = a, 
BO = )8, DA = y. Then, by 
condition, bd = a. 

Now, 

BA = BO -f- OA = )3 + a ; 

BA = BD 4- I>A = a + y ; 

or, equating the values of ba, 

^ -(- a = a + y. 

Hence (Art. 2) , y = ^8, and bo is parallel and equal to da. 

•2. The diagonals of a parallelogram bisect each other. 
In Fig. 8 we have 

BD = OA = OP -h PA ; 

also 

BD = BP 4- PD ; 
.• . OP -+- PA = BP -h PD. 

But, OP and pd being in the same. right line, 

OP = mPD. 

Similarly 

PA = riBP. 
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Hence 



and 



WPD -\- 71BP = PD -|- BP, 

m = 1 , ri = 1 , 

OP = PD, BP = PA. 



'3. If two triangles^ having two sides of the one proportional 
to two sides of the other ^ he joined at one angle so as to have 
their homologous sides parallel^ the remaining sides shall he in a 
straight line. 



Let (Fig. 9) AB = a, AE = p. Then, 
by condition, dc = xa^ db = x^. 
Now 



Fig. 9. 



CB = CD -f- I>B = a? (^ — a) . 




But 



BE = jS — a. 



Hence (Art. 2), b being a common point, cb and be are one 
and the same right line. 



'4. If two right lines join the alternate extremities of tivo 
parallels^ the line joining their centers is half the difference of 
the parallels. 



We have (Fig. 10) 

AB = AD + DC -f CB, 

and, also, 

AB== AE -fEF-|-FB. 

Adding 



Fig. 10. 




2 AB = (ad -h AE) -h (dc -h EF) + (CB -f FB) 

= EF — CD ; 



or, as lines. 



AB = ^ (eF — Cd) . 
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5. The medials of a triangle meet in a point and trisect each 

other. 



Fig. 11. 




B 



» o ^ c 



Let (Fig. 11) BO = a, CD = )3. Then 

OC = a, DA = /?. 

Now 

BA=2a+2)S = 2(a + )3), 

and, since od= (a-h/S), ba and od are 
parallel. 
Again 



BP + PA = BA = 2oD = 2 (op -f Pi>) . 

But BP and pd, as also op and pa, lie in the same direction, 

and therefore 

BP = 2 PD and pa = 2 op. 

Hence the medials oa and db trisect each other. 
Draw cp and pe. Then 



and 



BP = 2 PD = f- BD = f ( 2 a -f /5) , 

CP = CB-f-BP = |(2a-f^)-2a = f ()8~a), 
PE = PB-f BE = aH-^-f (2a-f)3)=i()3-a). 



Hence pe and cp are in the same straight line, or the medials 
meet in a point. 

'6. In any quadrilateral^ plane or gauChe, the bisectors of 
opposite sides bisect ea^h other. 

We will first find a value for op (Fig. 12) under the supposi- 
tion that p is the middle point of 
GE. We shall then find a value for 
OP, under the supposition that p is 
the middle point of fh. If these 
expressions prove to be identical, 
these middle points must coincide. 
In this, as in man}" other problems, 
the solution depends upon reaching 
the same point by different routes and comparing the results. 
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Let OA = a, OB = ^, 00 = 7- 



1st. 
But 

which, in (a), gives 



OC -f CG = OE + EG. 
CG = iCB = i(/3-y), 



7 + *(^-y) 

• * . EP =^ ■ft' EG 
OP = OE + EP 



^a-\- EG. 
i(y + )3-a), 



-a) 



2d. 



FH — ^AB = FO + OA, 



or 



FH-i(y8-a) 
OP = OF + FP 



— iy + a. 



-7) 



(«) 



(6) 



which is identical with (6). Hence, the middle points of fh 
and GE coincide. 



'7. If ABCD (Fig. 13) be any parallelogram ^ and op any line 
parallel to dc, and the indicated lilies be drawn ^ then will mx 
be parallel to ad. 



Let A M = a, BM = /3. 

Then 



Fig. 13. 



AO = ra, 

AD = sa -f qp, 

OD = — ra -I- sa -f- qp. 




We have 
in which 



NM = NO + OM =NP + PM, 

NO = a; (— ra + sa + 9/3), 
OM=(l — r) a, 
NP =.v (—rp-\-sa + ql3), 
PM = (l-r))8. 
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K . 



Substituting in the above equation, we obtain, by Art. 10, 

Fig. 13. — ajr -h ajs -h 1 — r = ys, 

jj ^ xq=-yr-^yq-{'l—r. 

Eliminating y 

1-r 

x = . 




Substituting this value in 



NM = NO + OM 

1-r 



r 
1-r 

r 
1-r 



(— 7-a -f- Sa + qP) -(- (1 — r) a 
(sa -h qP) 



AD. 



Hence ad and nm are parallel. 

'8. 7/*, through any point in a parallelogram^ lines be drawn 
parallel to the sides^ the diagonals of ttvo of the parallelograms 
so formed will intersect on the diagonal of the original parallelo- 
gram. 

Pig. 14. Let (Fig. 14) OA = a, OB = 13, 

A p ^c Then or = ma, oe = np. 

We have 

RD = R04-0E-f- ED = n^+ (1 — m) a, 
ES =E04-0R-f-RS=ma-|-(l— n))3. 

Also 
FO = PR + RO = a?RD + RO = a; [np -f- (1 — m) a] — ma, (a) 

FO = PE 4- EO = 2/ES -I- EO ='?/ [ma -f (1 —n) 13'}— n/3. (b) 
From (a) and (b) 

nx = y{l — n)^n and a; (1 — m) — m = ym. 
Eliminating y 




and 



x = 



m 
1 — m — n 
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Substituting this value of x in (a) 



F0 = 



m 



1 — m — 71 

mn 
\ —ra — n 



[np -h (1 — m) a] — ma 
()3 4-a), 



or, FO and oc = ()3 + a) are in the same straight line. 

■9. //*, in any triangle gab (Fig. 15), a line od be drawn to 
the middle point of ab, and he produced to ayiy pointy as f, and 
the sides of the triangle be produced to meet af and bf in h and 
R, tJien will HR be parallel to ab. 

Let OA = a, OB = p. Then or = xa^ 



OH = yP^ AB = ^ — a. 

Now o__ 


Fig. 15. 
vfl B 


OD = OA -j- 1 AB = ^ (a + )9) . 




Also, OF = 2 (a -h )3) , that is, some ^ 
multiple of od. 
Then, 1st. 

. BR=pBF, ' 
— P-\-Xa=^p (— ^ + Of) 

=pC-/J-h2(a + ^)]; 

.•. x=pz and —\=pz—p. \ 


Eliminating z 

p^x-{-l. 

And, 2d. 





AH = gAF, 
— a + !//?= g' (—a + of) 

= g[-a + 2;(a + )8)]; 
. •. y = qz -and — 1 = qz — q. 



Eliminating z 
From (a) and (b) 



q = y-{-l. 



x y 
2;=- = ^, 

p q 



H 



(«) 



(b) 
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and, since p=:x-\-l and g = y + 1, 



/": 




x = y and p = q, 
f .*. RH = RO + OH = 3//3 — aja = a;()8 

= ajAB, 

or, RH and ab are parallel. 



-a) 



'v . I 'j w 



10. If any line pr (Fig. 16) be drawn^ cutting the two sides 
of any triangle abc, and be produced to meet the third side in q, 
then 

^^' ^®- PC . BQ • RA = CR • AQ . BP. 

c 

Let BP = a, CR = /3, Then pc=pa, 
/? RA = r/? and ba = bo -f ca = (1 +p) a 

+ (l + r)^. 
We have 




AQ = ajBA = a; [(1 .+ 1^) a + (1 + r) )8], 



B 

as also 

AQ = AR -f RQ = — ryS + yFR = — r^ -\- y (pjL -h /?) . 
.-. X (1 -f ^) = yp and a; (1 + r) = — r + t/. 



Eliminating y 
whence 



or 



a; = (1 -I- x) pr; 

AQ_BQ PC RA 
BA BA BP Cr' 

PC • BQ . RA = CR . AQ , BP. 



•n. If tnangles are equiangular, the sides about the equal 
angles are propoHimial, 

Let (Fig. 17) Bc = a, ca == ^g. Then be = ma, ed = njS, 
BD = ma + np and ba = a + )8. 
Now 

BD = J9BA, 

Whence 

m=: p, n = p and m = n, 
.*. BE : BC : : ED : CA. 
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. 12. If^ through any point o (Fig. 17), within a triangle abc, 
lines he drawn jM^-allel to the sides, then will . 

CA CB AB 

Let CA = /3, CB = a. Then ab = 
a — y9, ED = m/3, HI = p {a — P) and 

GF = ?la. 

We have 

CO = CO -h GO = CH + HO. (a) 

Now, as lines, 

GF GA /i X o 

= = 71, .*. CG = CA — GA= (1— ?0 iS« 

CB CA V / r- 

EB ED 

— = = m, .•. GO = CE = CB — EB =(1 — ?n) a. 

CB CA ^ ^ 

= =m, .'. HO = AD = AB — DB = (1 — m) (a — )S). 

AB AC 

Substitixting in (a) 

(1 - m) j8 +(1 - m) a = i))8 + (1 - «i)(a - yS), 
or (Art. 10) „ + m+ p = 2. 

• 12. Complanar vectors are those which lie in, or parallel to, 
the same plane. If a, y3, y are an}' vectors in space, they are 
complanar when equal vectors, drawn from a common origin, 
lie in the same plane. 

If a, p, y are complanar, but not parallel, a triangle can al- 
ways be constructed, having its sides parallel to and some mul- 
tiple of a, p, y, as oo, hp, cy. If we go round the sides of the 
triangle in order, we have 

aa -f- hp + Cy = 0. 

If a, p, y are not complanar, conceive a plane parallel to 
two of them, as a and p. In this plane two lines may be drawn 
parallel to and some multiple of a and /?, as aa and hp ; and 
these two vectors may be represented by j)8 (Art. 3) . 



16 QUATERNIONS. 

Now p3, being in the same plane with aa and b/3^ cannot 
therefore be equal to y, or to an}' multiple of it ; jp8 and y can- 
not therefore (Art. 10) neutralize each other. Hence 

p3 + cy = aa + 6/3 + cy cannot be zero. 

If, then, we have the relation 

aa -f 6/? -f cy = 

betiveen non-parallel vectors, they are complanar; or, if a, p, y 
be not complanar, and the above relation be true, then, also, 

a = 0, 6 = 0, c = 0. 

•13. Co-initial vector's are those which denote transference 
from the same x>oint. 

(a). If three co-initial vectors are complanar, and give the 

relations, 

(a) aa -h 6/? -f cy = I . 

{h) a + 6 + c = 3 ' ' * * • V ;» 

they will terminate in a straight line. 

For, let OA = a (Fig. 15) . ob = y9, od = y. Then da = a — y, 
BA = a — /?. 

From Equation (9), (6) 

(a 4- 6 + c) a = 0, 

from which, subtracting (a) of Equation (9), 

6 (a - ^) -h C (a - y) = 0, 

6ba + CDA = ; 

and, since these two vectors neutralize each other, and have a 
common point, thay are on the same straight hue. Hence, 
A, D and B are in the same straight line. 

(6) . Conversely, if a, /?, y are co-initial, complanar and ter- 
minate in the same straight line, and a, b, c have such values 

as to render , j.a , a 

aa -f- op -f- Cy = 0, 

then will , r , n 

a 4- -f c = 0. 

DA = a — y and BA = a — )S. 
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But, by condition, 
or 
in which 



a-/3 = a; (a-y), 

(1 - a;) a - /? + a;y = 0, 

(1 - a;) - 1 + a; = 0. 



14. Examples. 




- 1 . The extremities of the adjacent sides of a parallelogram 
and the middle point of the diagonal between them lie in the same 
straight line. 

Let OA = a, OB = )3, oc = y. 
Then 

OD = OB + BD, 
2y — )g — a = 0. O 

But, also, 2 — 1 — 1 = 

hence, b, c and a are in the same straight line (Art. 13). 

2. If two triangles^ abc and smn (Fig. 19), are so situated 
that lilies joining corresponding angles meet in a pointy as o, 
then the pairs of corresponding sides produced will meet in three 
points^ p, Q, R, which lie in the same straight line. 



Let OA = a, OB = /3, oc = y. 
Then os = ma, om = nfi^ 

ON = 2>y, BA = a — ^, 

MS = ma — n)3, 

BR = aj (a — )8) and 

MR = y (ma — nfi) . 



Fig. 19. 



1st. 



BM = BR — MR, 




or 



7lfi — fi = x (a — p) — 2/ ( wa — n/3) , 
.'. 71 — 1 = — a; + 2^71, X — mtj = 0. 



Eliminating y 



X = — 



m (n — 1) 
m — n 
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Also 

m (n — 1) , 

OR = OB + BR = ^ + « (a - )S) = ^ ,,, _ ^ (« - ^), 

whence n (m — 1) /3 — m (n — 1) a . >. 

OR = - \^) 

m — n 

2d. CN = CP — NP, 

or 

.•. p — l='—v + iop^ . V — t(;?i = 0. 

Eliminating w n (» — 1) 

* I? = 

Also "-^ 

71 (p— 1) 

OP = OC -h CP = y + V (^ - y) = y ^^ _ ^ (^ - y). 

whence _/ ^v , ixo 

OP = l>(n-l)Y-«(i>-l)^ (^) 

n — p 

3d. In the same manner, we obtain 

m (/) — 1) a — p (m — 1) y 



OQ = 



p — m 



(c) 



From (a), (6) and (c) we observe that, clearing of fractions, 
and multiplying (a) by jp — 1, (&) by m — 1, (c) b}' n — 1, and 
adding the three resulting equations, member by member, the 
collected coefficients of a, ^, y, in the second member of the 
final equation, are separatel}" equal to zero. Hence the first 
member 

OR (m—n) (p — 1) 4- OP (n— p) (m —1.) + oq (p—m) (n — 1) = 0. 

But 

(m — 7i) (p — 1) 4- (71 — p) (m — 1) + (p — m) (^n — 1) = 0. 

Hence, r, p and q are in the same straight line. 



GEOMETRIC ADDITION AND SUBTRACTION. 



19 



• 3. Given the relation 

aa 4- b,8 4- cy = 0. 

Then a, j&, y are eomplanar ; but, if co-initial (as thej' ma}' 
be made to be, since a vector is not changed by motion parallel 
to itself, i.e. bj^ translation 

without rotation) , and a -f ^^^' ^' 

& + c is not zero, the}- do 
not terminate in a straight 
line. Hence, if o is the ori- 
gin, and A, B, c, their ter- 
minal points, A, B and c 
are not coUinear. Let these 
points be joined, forming 
the triangle abc (Fig. 20), 
and OA, ob, oc prolonged to 

meet the sides in aJ bJ c! To find the relation between the 
segments of the sides, let 




whence 



OA'=a'=aJa, OB'=^'=y^, oc'=y'=2y, 



a 



y ' 2 



Substituting these in succession in the given relation, 



a 



X 



0, 



y 



aa + bp-h -i 



whence, since a,' c, b are to be coUinear, 



? + 6 4- c = 0, 

X 
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and, for a like reason, 

a H h c = 0, 

y 

a + & + - = 0. 
z 

Whence 

a h c 



h-\-c ' a-\-c a-\-b 

and 

6-f-c '^ a + c^ ' a-}-b' 

or, from the given relation, 

^r^ ^/?-|-cy ,^ cy + gg ,^ aa + b/3 

6 + c ' ^ c-f a ' ^ a-^b ' 

Whence 

6(a'-)8)=c(y-a'), 

C (^'-y) = a(a-^'), 

a(y'-a)=6(/3-y), 
and 



ba' c 


cb' a 


AC' b 


a'c "■ 6' 


b'a c 


1 — ' 

cb a 


or, multiplying. 







ba' . cb' . Ac' . = a'c . b'a . c'b. 

4. TjT o (Fig. 20) be any pointy and abc any triangle^ the 
transversals through o and the vertices divide the sides into seg- 
ments having the relation 

ba' . cb' . Ac' . = a'c . b'a . c'b. 

Let a'c = a, bc = aa, cb'= jS, ca = bp. Then ba = aa 4- bfi. 
Also let 
BO = fiCBB,' oA = 2^a'a, bc'= mBA, cc'= 2;co. 
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Then 



BO = 
OA = 
BC'= 



ajBB 
yx'x 

7?IBA 

zco 



X (bc + cb') = X {aa 4-)8) , 

i/(a'c + ca) =2/ (a + 6 3), 

m (aa + b,3) , 

z (cb -f- bo) = 2 [— aa -f a; (aa + )8)] 



From the triangle boa we have 

bo + OA + AB = 0, 

x{aa + P) + y{a-h hp) — bJS — aa = 
. •. a;a + y — a = 0, ,X'\-yh'-h 



0. 
= 0. 



Eliminating y 

From the trianarle bcc' 



_ &(l- a) 
""" l-6a 



BC + cc'-f c'b = 0, 
aa + 2 [— aa 4- a; (aa -|- )3)] — m (aa + 6^) 



= 0, 



whence, as usual, and substituting the above value of a?, 



\ — m = z — z 



or 



6(l-a) 
l-6a ' 

1 — m 1— h 



\ — a 
m = z- — — , 
1— 6a 



m 



1 — a 



Substituting m, & and a. 



c'a ab' ca' 



TT' 



Bc' b'c a'b 



which is the required relation. 

5. If (Fig. 20) lines he 
drawn through aJ bJ cJ and 
produced to meet the opposite 
sides* of the triangle in p, q, 
R, theii are p, q aiid r col- 
linear. 



Fig. 20. 
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With the notation of the last example, 

1st. From the triangle c'ba' 
c'a'= c'b + ba' 

a'r = xc'a'= a'c + cr = a'o — y/3, 

BR = BO -h CR = aa ~ ^/?. (a) 

2d. From the triangle c'ab' 
•c'b'= o'a + ab' 

^-1 [aa-(a-2)^]. 



Also 



X 



and 



Also 



« + ?> — 2 
b'q = ajc'B'= b'c + cq = b'c + ya, 

a — 2 



a 



and 



3d. 



BQ = BC + CQ = (a + 2^) a = ^L(^LZi1) a. 

a — 2 

a'p = iCA'B'= a; (a + /?) , 
A'p = A'B + BP = (l-a)a + 2/(aa+6^), 

a — 6 



(6) 
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and 



BP = t/BA = (aa -f- b^) 

a — b 



(c) 



Multipl3'ing the second members of (a), (6), (c), by (a— 1) 
(6 — 2), — (a — 2) (b — 1), (a — b) respectively, their sum is 
zero. Hence 

(a -1) (b - 2) BR - (a - 2) (6-1) bq -|- (a - b) bp = 0. 



But 



(a -1) (ft _ 2) - (a - 2) (6 -1) + (a - 6) = 0. 



Hence r, q and p are coUinear. 



6. If TC (Fig. 20) and po be produced to meet aa' and bc, 
^/iew T and s are collinear with cl A similar proposition would 
obtain for q and r. 

With the following notation, 



we have 



BA = a, ba'= ^, bb'= aa 4- 6/S, 



BO = BA H- Ab'+ b'o = BA'-I- a'o, 
a -h 6y9 - ( 1 - a ) a + OJ ( aa + &;8) = /8 + 2/ ( a - )S) . 

a 



•• y 



BO = ^^ + ^^- 



also 



a + 6 



Fig. 20. 



— n A '_l_ A 'd — 



BP = ba'-I- A'P = BA + ap ; 
/3-f-«[aa+ (& — l))8]=a+Wa, 

a — 1 + 6 



BP = 



1-6 

aa 



and 



1-6' 




BC = BA'+ A'C = BA + AC, 

^ + 'y^ = a -f W [(1 - a) a - 6j5], 
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1-a 



BC 



_ b/3 



1-a 



Now to find BS, Bc' and bt, we have 



Fig. 20. 




1st. 




BS = 


x'^&a! = bp -f y'po, 


• 


h 




1-26 -a' 


BS 


__ ^P 




1-26-a 


2d. 




BC' = 


v'bA = BC + t^CO, 


. 


V'- ^ 


• . 


2a-h6-l' 


TIP — — 


JO I. 


2a + 6-l' 



3d. 



BT = ba'4- a't = ba'-|- z'a!o = bp -f- tt;'pc, 



z'= 



BT 



a — 6' 
_bfi — aa 
b — a 



Clearing of fractions and adding 



as also 



(1 — 26 — a)BS + (2a + 6— 1) bc'+ (6 — a) bt = 0, 
(l-26-a) + (2a + &-l)-f (2^ — a) = 0. 



Hence s, c' and t are collinear. 



4 

• 15. A medial vector is one drawn from the origin of two co- 
initial vectors to the middle point of the line joining their 
. extremities. 
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Thus (Fig. 21), if p is the middle point of ab, op is a medial 
vector. To find an expression for it, let oa = a, ob = /?, then 

OP = OA -f- AP = a H^P? 
OP = OB -f BP =/3 — AP, 

or, adding, 

(10). 



op = i_L±: 



The signs in this expression will, of course, depend upon the 
original assumptions. Thus, if ao = a, 

OP = — a-|-AP = )8 — AP, 
B-a 

OP = c! 



16. An Angle-Bisector is a line which bisects an angle. 

To find an expression for an angle-bi- 
sector as a vector, let oe = a (Fig. 21) 
and OF = )8 be unit vectors along oa and 
OB. Complete the rhombus oedf. Since 
the diagonal of a rhombus bisects the 
angle, od is a multiple of op. Now od 
= a -h )S, hence 



OT = x(a+P) 



(11). 




In this expression op is of am* length and x is indeterminate. 
If OP is limited, as by the line ab, then 



or 



Eliminating x 



Substituting in (a) 



AF = X(a -\- P) — aa^ 

AP = 2/AB = y(bp — aa) , 
.-. aj(a-|-)8) — aa = y(6^ — aa), 

x — a = — ya and x = yb. 



(a) 



y = 



a 



AP = 



a + b 

a 
a~^b 



AB 



(12). 
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17. Examples. 

1. If parallelograms^ whose sides are parallel to two given 
lines, be descnbed upon^Lch of the sides of a triangle as diago- 
nals, the other diagonals idll intersect in a point. 



Fig. 22. 




Let ABC (Fig. 22) be the given tri- 
angle. Let the diagonals b'f and a'd 
intersect in p, and suppose oe to meet 
a'd in some point as p! 

Let OA = a, ob'= /8, whence oa'= 
ma, OB = n/3. 

Now 



B P — DP = a. 



But 



(a) 



And 



b'p = ^b'q = y »i (b'c -j- b'b) (Art. 15) 

= i7/[ma + (n-l))8]. 

DP= ZDH = z .^ (dc -f- ca') 

= 1^ [(771-1) a-/3]. 



Substituting in (a) , we obtain, as usual, 



Again 
But 



,^ 2(l-n) 

1 -f- mn — n • 

■ OP'— dp'= a + /?. 

PP'= XOG = x .\ (OA + ob) 
= ^x (a -h n^) . 



W 



Substituting in (b) this value of op' and dp'= vdh, we obtain 

as before, 

2 (1 — w) 



v = 



1 + m7i — n 



Or, VDH = ZDH = dp'= dp. Hence, p and p' coincide, and 
the three diagonals meet in a point. 

2. A triangle can always be constricted whose sides are equal 
and parallel to the medials of any triangle. 
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In Fig. 23 we have 

aa'= ab + ba'= ab + ^BC. 
bb'= bc -f: ^CA. ^ 
CC'= CA -f ^AB. 

.-. AA'-f-BB'+cc'=f (abh- bc + ca) = 0. (Art. 10). 

3. The angle-bisectors of a triangle meet in a point. 

Let a, /3, y be unit vectors along bc, 
AC, AB (Fig. 23). 
Then (Irt. 16) 

AP = aj(y + ^), 

BP = y(a-y). (a) 

Now 

BC = AC — AB, f^. 

fta = &/? — Cy (6) jJ^-> 

where a, 6, c are the lengths of the sides. 
Substituting a from (6) in (a) 




'hp - cy 
BP = 2/ I — ;; 7 



W€ have also 



a 



cp = AP — AC = a; (y + j8) — 6^8, 
fb3 - cy \ 

CP = BP -P CB = :y { y j + Cy — 6^. 

y^ , . y^ , 



Eliminating y 
Substituting in (c) 



X=' 



d) 



CP = 



c& 



a -|- 6 + c 
h 

6 



a -h ?> -f- c 

= i)(a + ^). 



a-\-h-\-c 

[cy - (a + 6) ;8] 
( — aa — a/3) 



(^) 



Hence (Art. 16) cp is an angle-bisector. 
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• 18. The Mean Point of any polygon is that to which the 
vector is the mean of the vectors to the angles. 

Hence, to find the i^an point, add the vectors to the angles 
and divide by the number of the angles. Thus, if aj, og, ag .... 
be the vectors to the angles, the vector to the mean point is 



«! + «2 -f- ^3 + •••• + O-n 



a = 



n 



■ ■ (13), 



where n is the number of the angles. 

The mean point of a poljedron is similarly defined. It co- 
incides in either case, as will ai)pear later, with the center of 
gravity of a system of equal particles situated at the vertices 
of the polygon or polyedron. 

■ 

19. Examples. 

1 . The mean point of a tetraedron is the mean point of the 
tetra^dron formed by joining the mean points of the faces. 

Let (Fig. 24) oa = a, ob = ^, oc = 
y. The vectors from o to the mean 
points of the faces are 

Ha + ^ + y). 
Ha + r), 

and that to the mean point of the tetraedron formed b}' joining 
them is 




'« + iS + r , « + /? L^ + y . y + )S" 

n 1 n 1 TT 1 n 



= H« + )S-+-y), 



which is the vector to the mean point of 6abc. 

The same is true of the tetraedron formed by joining the mean 
pomts of the edges as, bc and ca with o, since 



a-\- P fS -\ry a + y 
H s r 



2 



2 



= H« + )S + y) 
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The above is, of course, independent of the origin, and would 
be true were o not taken at one of the vertices. 

2. The intersection of the bisectors of the sides of a quadri- 
lateral is the mean point. 

Let (Fig. 25) oa = a, ob = j3, oc = y, 
CD = 8, OR = p. Then 




= QD I j (or ob) 

= ^(OF-f-OE) ^^'b.lF, A 

= j (g I Mn ^ V ' i ^^) ^ AT-t.lUW. 

If o is at A, then oa = a = 0, and 

P = H)S + y + 8). 

3. If the sides (in order) of a quadrilateral be divided propor- 
tionately, arid a new quadrilateral formed by joining the points 
of division, then will both quadrilaterals have the same mean 
point. 

Let a, /?, y, 8 be the vectors to the vertices of the given 
quadrilateral, from any initial point o. 

Then, for the vector to tl^ mean point, we have 

i(a + ^ + y + S). 

If m be the given ratio, and a', /?( y( 8' the vectors to the ver- 
tices of the second quadrilateral, then 

a'= » -f m (/? — a) = (1 — m) a -H mj8, 

/?'=(l-m))8-hmy, 

y'= (1— m)y-f- mS, 

8' =\+ (1- m) tS +^= a=Bw#— ) ; 
whence 

Hy3'+ y+ S'+ a') = H<» + j8 + y + 8). 
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4. In any quadrilateral^ /jZawe or gauche^ the middle point 
of the bisector of the diagonals is the mean point. 

Let (F^ig. 26) oa = a, ob = y5, oc = y, os = ^y. Then 



Fig. 26. 




= i(> ' l/g) U) iOU/9) 



5. J/" ^/ie two opposite sides of a quadrilateral be divided pro- 
portionately^ and the points of division joined^ the mean points 
of the three quadrilaterals will lie in the same straight line. 

Let c; a' (Fig. 27) be the points 
of division, and m the given ratio. 
Then, if oa = a, bc = y, oa'= ma, 
c'c = my, AB = /3 and o is the in- 
itial point, the vectors to the mean 
points p, pj p" are 

OP =i(3a+2iS + y), 
Op' = i [(m 4- 2) a -I- 2^ + (2 - m)y], 
op"=i[(m-h3)a + 2/S-f-(l-m)y]; 
1 — m . V 

— r—(7-^)' 



Fig. 27. 




PP' = 



m 



P"P^= '^ (y - a) . 



Therefore, pj p!' p are in the same straight line. 



20. Exercises. 

1. The diagonals of a parallelopiped bisect each other. 

2. In Fig. 58, show that bg and cn are parallel. 

3. If the adjacent sides of a quadrilateral be divided propor- 
tionately, the line joining the points of division is parallel to the 
diagonal joining their extremities. 
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4. The medial to the base of an isosceles triangle is an angle- 
bisector. 

5. If the diagonal of a parallelogram is an angle-bisector, the 
parallelogram is a rhombus. 

6. Any angle-bisector of a triangle divides the opposite side 
into segments proportional to the other two sides. 

7. The line joining the middle point of the side of any paral- 
lelogram with one of its opposite angles, and the diagonal which 
it intersects, trisect each other. 

8. If the middle points of the sides of any quadrilateral be 
joined in succession, the resulting figure will be a parallelogram 
with the same mean point. 

9. The intersections of the bisectors of the exterior angles 
of an}" triangle with the opposite sides are in the same straight 
line. 

10. If AB be the common base of two triangles whose vertices 
are c and d, and lines be drawn from any point e of the base 
parallel to ad and ac intersecting bd and bc in f and g, then is 
FG parallel to dc. 



CHAPTER II. 

Mnltiplieation and Division of Yectors, or Geometric Multipli- 
cation and Division. 

4 

21. Elements of a Quaternion. 

{ The quotient of two vectors is called a Quaternion. 

We are now to see what is meant by the quotient of two 
^vectors, and what are its elements. 

Let a and /?' (Fig. 28) be two vec- 
tors drawn from o and o' respectively 
and not lying in the same plane ; and 
let their quotient be designated in the 



Fig. 28. 




usual way by ~. 

\ Whatever their relative positions, we 

o'' '^f b' may always conceive that one of these 

vectors, as /?J ma}^ be moved parallel 
to itself so that the point o' shall move over the line o'o to o. 
The vectors will then lie in the same plane. Since neither the 
length or direction of /?' has been changed during this parallel 
motion, we have /3 = /3', and the quotient of any two vectors, a, 
/?J will be the same as that of two equal co-initial vectors, as a 

and 3. We are then to determine the ratio -, in which a and B 

lie in the same plane and have a common origin o. 

Whatever the nature of this quotient, we are to regard it as 
some factor which operating on the divisor produces the dividend^ 
i.e. causes jS to coincide with a in direction and length, so that 
if this quotient be q^ we shall have, by definition, 
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q/3 = a when -5 = Q' • 



(14). 
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If at the point o' we suppose a vector o'c = y to be drawn, 
not parallel to the plane aob, and that this vector be moved as 
before, so that o' falls at o, the plane which, after this motion, 
y will determine with a, will differ from the plane of a and /?, so 
that if the quotient 

a 

7 

q and q' will differ because their planes differ. . Hence we con- 
clude that the quotients q and q' cannot be the same if a, ^ and 
y are not parallel to one plane, and therefore that the position 
of tlie plane of a and /? must enter into our conception of the 
quotient q. 

Again, if y be a vector o'c, parallel to the plane aob, but 
differing as a vector from p', then when moved, as before, into 
the plane aob, it will make with a an angle other than boa. 
Hence the angle between a and P must also enter into our con- 
ception of q. Tliis is not onl}' true as regards the magnitude of 
the angle, but also its direction. If, for example, y have such a 
direction that, when moved into the plane aob, it lies on the 
other side of a, so that aoc on the left of a is equal to aob, then 

the quotient gl of -, in operating on y to produce a must turn y 

7 
in a direction opposite to that in which g = - turns p to produce 

a. Therefore q and q' will differ unless the angles between the 
vector dividend and divisor are in each the same, both as regards 
magnitude and direction of rotation. Of the two angles through 
which one vector may be turned so as to coincide with the other 
is meant the lesser, and it will therefore, generally, be < 180? 

Finally, if the lengths of /? and y differ, then - = g will still 

differ from - = q\ Therefore the ratio of the lengths of the vec- 

•7 
tors must also enter into the conception of q. 

We have thus found the quotient q^ regarded as an operator 

which changes fi into a, to depend upon the plane of the vectors, 

the angle between them and the ratio of their leiigths. Since 
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two angles are requisite to fix a plane, it is evident that q 
depends upon four elements, and performs two distinct opera- 
tions : 

1st. A stretching (or shortening) of yS, so as to make it of 
the same length as a ; 

2d. A turning of y3, so as to cause it to coincide with a in 
direction, 

the order of these two operations being a matter of indiffer- 
ence. 

Of the four elements, the turning operation depends upon 
three ; two angles to fix the plane of rotation, and one angle to 

fix the amount of rotation in that 
Fig. 28. plane. The stretching operation de- 

pends onl}^ upon the remaining one. 
I.e., upon the ratio of the vector 
lengths. As depending upon four 
elements we observe one reason for 
calling q a quaternion. The two ope- 
rations of which q is the symbol being 
entirely independent of each other, a 
quaternion is a complex quantity^ decomposable, as will be 
seen, into two factors, one of which stretches or shortens the 
vector divisor so that its length shall equal that of the vector 
dividend, and is a signless number called the Tensor of the 
quaternion ; the other turns the vector divisor so that it shall 
coincide with the vector dividend, and is therefore called the 
Versor of the quaternion. These factors are symbolicall}' repre- 
sented by Tg and Ug, read " tensor of q" and "versor of g," 

and q may be written 

g = Tg.Ug. 

• 22. An equality between two quaternions may be defined di- 
rectly fVom the foregoing considerations. 

If the plane of a and P be moved parallel to itself ; or if the 
angle aob (Fig. 28) , remaining constant in magnitude and esti- 
mated in the same direction, be rotated about an axis through o 
perpendicular to the plane ; or the absolute lengths of a and ^ 
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vary so that their ratio remains constant, q will remain the same. 

Hence if , 

- = g and — -= g; 

then will 

when 

1st. Tlie vector lengths are in the same ratio ^ and 

2d. The vectors are in the same or parallel planes^ and 

3d. Tlie vectors make with each other the same angle both as 

to magnitude and direction. 

The plane of the vectors and the angle between them are 

called, respectively, the plane and angle of the quaternion, and 

the expression -, a geometric fraction or quotient. It is to be 

observed that q has been regarded as the operator on /3, produc- 
ing a. This must be constantly' borne in mind, for it will sub- 
sequently appear that if we write q/3 = aU) express the operation 
by which q converts /S into a, qfi and jSq will not in general be 
equal. 

• 23. Since g, in operating upon ^ to produce a, must not only 
turn P through a definite angle but also in a definite direction, 
some convention defining positive and negative rotation with 
reference to an axis is necessar3\ 

B}' positive rotation with reference to an axis is meant lejl- 
handed rotation when the direction of the axis is fro7n the plane 
of rotation towards the eye of a person who stands on the axis 
facing the plane of rotation. 

[If the direction of the axis is regarded as from the eye 
towards the i)lane of rotation, positive rotation is righthanded. 
Thus, in facing the dial of a watch, the motion of the hands is 
positive rotation relatively to an axis from the e^'e towards the 
dial. For an axis pointing from the dial to the ej'e, the motion 
of th^ hands is negative rotation. Or again, the rotation of the 
earth from west to east is negative relative to an axis from north 
to south, but positive relative to an axis from south to north.] 

On the above assumption, if a person stand on the axis, fac- 
ing the positive direction of rotation, the positive direction of 
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the axis will always be from the place where he stands towards 

the left. 

K i, A:, j (Fig. 31) be three axes at right angles to each other, 

with directions as indicated in the 
figure, then positive rotation is from i 
to J, from j to A;, and from k to i, rela- 
tively to the axes A:, ?, j respectivel}'. 
A precisely opposite assumption would 
be equally proper. The above is in 
accordance with the usual method of 
estimating positive angles in Trigo- 
nometrv and Mechanics. 

• 24. Let OA and ob (Fig. 29) be any 
two CO- initial vectors whose lengths are a and 5, a and p being 
unit vectors along oa and ob, so that 




Fig. 29. 




OA = Oa, 

OB = hp. 



Let the angle aob between the 
vectors be represented b}' </> ; also 
draw AD perpendicular to ob, and 
let the unit vector along da be 8. 
The tensor of od is evidently 
a cos <^ and that of da a sin ff>. If 
we assume that, as in Algebra, geometrical quotients which 
have a common divisor are added and subtracted by adding and 
subtracting the numerators over the common denominator, so 
that 



then, since 
we have 



OA 
OB 



a 7__ g ± Y 

OA = CD + DA, 
OD -h DA 



OB 



_OD DA 
~" OB OB 



_ a COS <^ . /S a sin . 8 

T7p "^ h .p 
__ a/cos </> . )3 sin <^ . 8 



) 
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We have already defined (Art. 8) the quotient of two parallel 
vectors as a scalar, and in the first term of the parenthesis, p 

being a unit vector, " = 1, and 



OA 
OB 



= ^ ^cos <;^ 4- sin <^ . - j. (a) 



The last terra contains the quotient - of two unit vectors at 

right angles to each other. This quotient is to be regarded, as 
before, as a factor which, operating on the divisor )8, produces 
S, I.e., turns ^ left-handed through an angle of 90° ; and this 
quotient must designate the plane of rotation and the direction 
of rotation. If we define the effect of an}^ unit vector, operating 
as a multiplier upon another at right angles to it, to be the turn- 
ing of the latter in a positive direction through an angle of 90° 
in a plane perpendicular to the operator, then the unit vector c, 
drawn from o perpendicular to the plane of S and /?, and in the 
direction indicated in the figure, will be the factor which oper- 
ating on p produces 8, and 

€/3 = 8 or - = €. 

The unit vector c, as an axis, indicates the plane of rotation ; 
its direction determines the direction of rotation, and b^^ defini- 
tion its rotating eflfect extends through an angle of 90° ; as a 
quotient, therefore, it completel}^ deteiTnines the operator which 
changes p into 8. Equation (a) thus becomes 

— =-(cos«^-|-€sin<^), 

OB h 

or, if OA and ob be themselves denoted by a and /?, and the ten- 
sors of a and p by Ta and T^, 

g = — (cos <j!> -f- c sin <^) .... (15), 
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Ta * 

in which — is the tensor of g, being the ratio of the vector 

lengths, and cos <^ -|- € sin <^ is the versor of g, its plane, deter- 
mined by the axis c, and angle (f> being the plane and angle of 
the quaternion. 

When a and /? are of the same length, or Ta=T/?, Tg= — = 1, 

and the effect of g as a factor, or operator, is simply one of 
version. 

Like T, the symbol U is one of operation, indicating the oper- 
ation of taking the versor, so that 

Ug = cos <^ + € sin <f>. 

This operation takes into account but one of the two distinct 
acts which we have seen the quotient g must perform, as an 
agent converting /? into a, namel}', the act of version ; it thus 
eliminates the quantitative element of length. In this respect it 

is similar to the reduction of a vec- 
*■ ■ A tor to its unit of length, an opera- 

tion which also eliminates this same 
element of length, and has been 
designated by the same symbol U. 

When a and /3 are at right angles 
to each other, <{> = 90f and the ver- 
sor cos <;^ -f € sin <^ reduces to the 
unit vector c, which has been de- 
fined, as an operator, to be a versor turning a line at right 
angles to it through an angle 90? Any vector, therefore, as a, 
contains, in its unit vector in the Same direction, a versor 
element or factor of which Ua is the symbol, U indicating the 
reduction of a to its unit of length or the taking of its versor 
factor. Hence the appellation versor of a (Art. 7) . 

If in Equation (15) the vectors be reduced to the unit of 
length, 

5^=Ug=U^. 




GEOMETRIC MULTIPLICATION AJND DIVISION. 39 

'25, We may now express the relation 

I = ^ (cos <^ -h € sin <^) = g (Eq. 15) 



in the symbolic notation 

or 

q — Tq.Vq 



(16), 



and say that the quotient of two vectors is the product of a tensor 
and a versor; and that 

Ist. The tensor of the quotient, [ — \ is the ratio of their 
tensors; ^ ^^ 

2d. The versor of the quotient^ (cos<^-t- € sin<^), is the cosine 
of the contained angle plus the product of its sine and a unit 
vector^ at right angles to their plane and such tJiat the rotation 
which causes the divisor to coincide in direction loith the dividend 
shall be positive. 

• 26. If, for - = g, we write ^ = q', it is evident that q* differs 
/? a 

from q both in the act of tension and ver- 

sion ; the tensor of q' being the reciprocal **" 

of the tensor of g, and the unit vector c, 

while still parallel to its former position, 

is reversed in direction (Art. 23) since 

the direction of rotation is reversed (Fig. 

30) . Hence 

^ = ^(cos^-€sin<^) .... (17). 




a 



Ta 



^ is called the reciprocal of -. As already remarked, the 
a p 

positive direction of c is a matter of choice. It is only neces- 
sary that if we have + c in U^, we must have — c in Ul, or 

p a 

conversely. 
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Fig. 31. 
J 



• 27. Let I, J, k (Fig. 31) represent unit vectors at right angles 
to each other. The etiect of an}' unit vector acting as a multi- 
plier upon another at right angles to it, 
has been defined (Art. 24) to be the 
turning of the latter in a positive direc- 
tion in a plane perpendicular to the ope- 
rator or multiplier through an angle of 
90? Thus, i operating on j produces k. 

> This operation is called multiplica- 

i 

tion, and the result the product, and is 

expressed as usual 



/ 




y = ^ 



(18). 



The quotient of two vectors being a factor which converts 
the divisor into the dividend, we have also 



k^ . 



(19), 



either the product or quotient of two unit vectors at right angles to 
each other being a unit vector perpendicular to their plane. 

This multiplication is evidentl}^ not that of algebra ; it is a 
revolution, which for rectangular vectors extends through 90? 
Nor is k in Equation (18) a numerical product, nor i in Equa- 
tion (19) a numerical quotient. This kind of multiplication and 
division is called geometric. 

In accordance with the above definition we ma}' write the fol- 
lowing equations : . 

ij^k f^=i 

J 



= K y 



jk — I 


k ' 


ki=j 


i-k 

• 


ji = — k 


-k . 
. -J 


kj = — I 


-' k 



J 



(20) 



-■" 
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ik = 



i(-k) 
ki-i) 



-J 
-k 






Hi - 
k 

-k 



^ 



= I 






= I 






= k 



-J 
-k 

— I 

« 

-J 

— I 



= I 
= k 
= k 



r 



-A 

JL 

— I 



r=J 



(20). 



Since the effect of i, A:, J as operators is to turn a line from one 
direction into another which differs from it b^' 90? the}' are 
oslled quadrantal versors. 



28. Since 



we have 



or 



i X .; = k and i x k = —j = —lx ji 
ixixj=-lxj\ 



i X I =—l. 



We ma}^ denote the continued use of i as an operator by an 
exponent which indicates the number of times it is so used. 
This is consistent with the meaning of an exponent in algebraic 
notation. In both cases it denotes the number of times the 
operator is used, in one instance as a numerical factor, in the 
other as a versor. Thus 

• • • t o 

jjiu=fi\ — =-, etc. 

JJ r 

In conformity to this notation the above equation becomes 



i2=_l 



C^l), 
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and in a simUar manner, 



ifc»=-l) 



(22). 



Hence the square of a unit vector is — 1 . 
The meaning of the word " square " is more general than that 
which it possesses in Algebra, as was that of the word " product"" 

in Art. 27. The proprietj' of this ex- 
tension of meaning lies in the fact that 
for certain special cases, the processes 
above defined reduce to the usual alge- 
braic processes to which these terms 
were originall}' restricted. The conclu- 
sion i^ = — 1 is seen to follow directly 
from the definition, since if i operates 
twice in succession on either ±j or ± A:, 
it turns the vector, in either case suc- 
cessively through two right angles, so 
that* after the operation it points in the opposite direction. A 
similar reversal would have resulted if the minus sign had been 
written before the vector. Thus — ( ± J) = qp J. Hence i x i, 
or i^, as an operator, has the effect of the minus sign in revers- 
ing the direction of a line. 




29. It is to be observed that so long as the cyclical order i, j^ 
A:, I, J, A:, i, .... is maintained, the product of any two of these 
three vectors gives the third ; thus 



and therefore 



as also 



V=^^ jk='h ^i = j; 
(^jk) i = ii = i^ = — 1 , 
i(^jk)= ii = i^=— 1, 

J('^0=j!/ = /=-!' 
k{ij) =A:A: = Ar2=-l, 
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hence 

j{ld) = {jk)i, 
k(ij) = {ki)j, 

which involves the Associative law. 

We may therefore omit the parentheses and write 

ijk = jki = kij= — l (23), 

or, the continued product of three rectangular unit vectors is the 

same so long as the cyclical order is maintained. 

But 

k{ji)=k(-k) = - 1^=1 .... (24), 

or, a change in tJie cyclical order reverses the sign of the product. 

•30. In Equation (24) we have assumed that 

k(—k) = ^kk. 

That this is the case appears from the fact that i operating on 
—j produces — /c, or 

and that the same result would be obtained by operating with i 
on J, producing Zc, and then reversing k. That is, to turn the 
negative, or reverse, of a vector through a right angle, is the 
same as turning the vector through a right angle and then re- 
versing it. The negative sign is, therefore, commutative with ?, 
;, k, or 

K-j)=^-^j = -k (25). 

« 
.31. It follows directly from the definition of multiplication, 
as applied to rectangular unit vectors, that the commutative prop- 
erty of algebraic factors does not hold good. For 

(/ = ^, 
but 

ji = — k. 
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Hence, to change the order of the factors is to reverse the sign 
of the product. The operator is always written first; and, since 
the order cannot be changed without affecting the result, in 
readino" such an expression as ij = A;, this sequence of the factors 

must be indicated by saying '* i into j 
equals k" and not " i multiplied hy j 
equals Ic" the latter not being true. 

Hence also the conception of a quo- 
tient as a factor requires a similar dis- 
tinction, which in Algebra is unneces- 




*■; — sary. In the latter, from - = a we 

h 

have, indifferentl}', ab = c and ba = c. 

k 
But from - = j, while ij = k is true, 

J 

ji = k is not true. In expressing therefore the relations be- 
tween 1 , j and k by multiplication instead of division, care must 
be taken to conform to the definition, the quotient being used 
as the multiplier or operator on the divisor. This non-com- 
mutative property of rectangular unit vectors, which results 
directl}' from the primar}^ definition of the operation of multipli- 
cation, will be seen hereafter to extend to vectors in general 
and to quaternions, whose multiplication is not commutative 
except in special cases. 

The quotient then being a factor which operates on the divisor 
to produce the dividend, we have 



^j = k, that is, ~J = k 

j' y 



(^6), 



the cancelling being performed by an upward right-handed stroke. 
ButM- = k is not true, for this would involve jl = ij, 

. 32. It follows also that the directions of rotation of a fraction, 
as -, and its reciprocal are opposite. Thus 
J J, ' 
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and therefore that the reciprocal of the quotient i is — i, or 

that is, tJie reciprocal of a unit vector is the vector reversed. This 
ma}^ be written 

\=i-' = -i (29), 

the exponent denoting that, as a factor or versor, t is used onc6, 
while the minus sign before the exponent indicates a reversal in 
the direction of rotation. 

33. If a be any unit vector, we obtain from the preceding 
Article 

a — = a( — a) 
a 



= — aa = — a^ = X, 



But 



hence 



1/=., 



-a=ai (30), 

a a 



or, a unit vector and its reciprocal are commutative and their ; 
product plus unity. 

If a is not a unit vector, 

a = TalJa, 

-= = — — Ua (31), 

a TaUa Ta ^ ^' 

the tensor of the reciprocal of a vector being the reciprocal of its 

tensor, 

k 
It must be carefully observed that a fraction, as -, cannot be 

1 1 ^ 

written indifFerentlv A;- or -A:, for this would involve ki'^ = i'^k. 

I I 

which is not true. 
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By definition A: ( — t) = —J, or ki'^ = A;- = — J = -. Hence, 

A; 1 i i 

- = k- or kl~^. From the meaning attached to the ordinarj' 



notation of algebra, 



l- = -l 

• • 



(«) 



would appear to be correct ; for, cancelling, we have k = k, 

k 1 

Whereas, since - must be written A;-, we should have 

i i 



or 



iki'^ [= - iki] = ki-^ i [= A;] 
Ji[=--A:]=A;, 



Fig. 31. 



which is not true. Of course that equation (a) is false is 

directl}' evident from the fact that 

k 

- = —J, and (a) involves i ( - /) = ( —j) i 

or ij=jL The above,, however, shows 
that, as cancelling must be performed 
b}' an upward right-handed stroke 
when the expression is in the form of 
i a quotient or fraction, so when ex- 
pressed in the form of multiplication, 
the cancelled factors must be adjacent. 
In such an expression as 



/ 







J 

I 



J 



(^) 



it might be supposed permissible to write also 



J 









(c) 



since in either case the correct result is obtained. This arises, 
however, from the fact that both the fractions in the first mem- 
ber of (b) are equal to A:, and therefore may be permuted so as 

• • • 



to read kk = — ->/.^^ = = — 1. The process of (c) is, how- 

i i 



• '"^ 
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ever, illegitimate, and the result is correct, not because the 
process is so, but because the factors are in this case commu- 
tative. 

34. Since the act of tension is independent of that of Aversion, 
and their order is immaterial, 

xi . yj = xy , ij = yx • // = zk ... (32) , 

where x and y are any two scalars and xy = z. Hence the com- 
mutative principle applies to tensors. If then a, /8, y are in the 
direction of i, j and k respectively, and a, b, c are their tensors, 

a^ = TaTyS . ij = ab . k, 

ay = TaTy • ik = — ac • J, etc. , 

or, the product of an}' two rectangular ^^ectors is the product of 
their tensors and a unit vector at right angles to their plane. 
So also 

a __ Ta . i __ Ta ^ _ _ ^ t, 

a Ta . i a . . 
- = =-/, etc., 

y Ty . A: C 

or, the quotient of two rectangular vectors is the quotient of their 
tensors times a unit vector at right angles to their plane. 

35. If, as above, a = ai, then 

aa = oi • ai, 

a? = a^ i^, 

a2 = -a2 (33), 

Hence, the square of any vector is minus the square of its tensor. 
Since Ta = a is the ratio of the lengths of a and Ua, the square 
of any vector is the square of the com^esponding line^ regarded as 
a length or distance only, with its sign changed. 
If ai = a and bi = )8, 

afi = abi' = — al). 
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36. That the multiplication of rectangular vectors is a diS' 

tributive operation may be seen 
directly from Fig. 32 by ob- 
serving that 



Fig. 32. 



/ 



A 

/ I 



»0'+*) = y + «* (34), 

i being perpendicular to and in 
front of tlie plane of the paper. 



37. Exercises in the transformations of i, J, h : 



1. j(-0 = A;. 
3. k{-j)=^i. 
o- —k (j) = i. 

7. (-/)A- = -;. 

11. -A- = -k. 
— I 

13. ^— ^= ^i 

.; 
' 1.-). — ~ =- 1 

-k 
17. t= -k 



1. 



2. i(-fc) = -i 
4. A;(-0=-j 
6. (-A-)i = -j 
8. (-;)(-A-) = 
10. (-0(-i) = 
12. ^= _»t 



* 



14. 



-.7 



= ^L 



I 

19. - = 
21. -= -I 

• • 

23. i^'=~( 
kji 



25. Is it correct to write, in general, the product of any frac- 
tions, as - • -, ni the form — r 

26. State whether ^^ . - = ^^ is correct or not, and why. 

k I ki 





k 




k? . 


16. 


.-.;• 




.; 


18. 


k' 


20. 


^=. 




^.; 


22. 


1 k . 




.; I 


24. 


- .^ . ~= I 




A: j i 



27. i^fk^ = -^(ijky. 
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38. Resuming Equation (15), 

a = - = — (cos cfr + c Sin 6) ; 

the quaternion q was shown (Art. 25) to be the product of a 
tensor and a versor. It may also be regarded as the sum of two 

is a scalar, whose sign is 

that of the cosine of the angle (<^) between the vectors, while the 

r"rp n 

second — sin </> . € is a vector at right angles to their plane, 

whose sign depends upon the direction of rotation of the fraction 
-. This ma}' be expressed symbolical!}' in the notation 

^=5=S^ + V^ (35), 



fTfl. 
parts, the first of which — cos <^ 



so that we have both 



and 



q = TqVq 
q = ^-^Yq. 



The second member of this last equation is read ' ' scalar of q 
plus vector of q" Sg and \q being respective!}' symbols for tlie 
scalar and vector parts of the quaternion. As already explained 
in the case of the symbol S, T is a symbol of operation, denoting 
the operation of taking the vector terms of the expression before 
which it is written. 

The quotient of two vectors ^s, therefore, the sum of a scalar 
and a vector, 

is the ratio of the 



I Tfl. 

The scalar of the quotient Sg = — cos <t> 



tensors times the cosine of the contained angle. The tensor of 



the vector part 



= — sin <f> U. 
T/8 '^J 



TVg = — sin <f} is the ratio of the tensors times 



the sine of the contained angle. Tlie versor of the vector part 
[UVg' = €] is a unit vector perpendicular to their plane ^ having a 
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direction such that the direction of rotation of the divisor is posi- 
tive or left-handed. 

Letting a and b be the tensors of a and ^, and collecting the 
preceding expressions for facility of reference, we have 



Tq= 


a 
^b 


1 


Vq= 


= cos </> -f c sin 


«/> 


S^= 


a , 

= - COS0 

b 




Yq= 


a . J 
= - sin</> • e 

b 




TYq= 


a . J 
= - sm <l> 

b 




VYq= 


= € 




SU9= 


= COS<^ 




YVq= 


= sin <^ • € 




TYVq= 


= sin0 


J 



. . (36) 



. These expressions require no further explanation than that 
derived from a simple inspection of Equation (15) in connection 
with the meaning alreadj' assigned to T, U, S and V as symbols 
of operation. 



39. De Moivre's Formula. 

The following considerations will explain wh}' the parenthesis 
(cos</)-f €sin<^) as a versor turns ^ left-handed through an 
angle <^. The}' also contain the quaternion interpretation of 
imaginary quantities. 

Let V = sin ^ and z = cos <f>. 

Differentiating, 



or 



dv = cos <!> d<t>^ dz = — sin <t> d<f>^ 

dv = zd<f>^ 
dz = — vdcf>. 



(a) 
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Multiplying (a) by V— 1, and adding the result to (6), 

clz-^dv . V— 1 = (— v +2 V— 1) c?</>, 
or 

clz + dv • V^ = (vV^+2?)V^ d</», 
whence 

-^- ^==r-=«?<^ . V-1, (C) 

which ma}' be written 

or 

C08<^ 4- sin<^ . V^^= e^-^^, ((/) 

whence 

cosm<^ + 8inm<^ . V— 1= e"*^-^^^. (e) 

But we have from (d) 



and therefore, from (e) and (/), 

(cos<^-|-sin</> • V— l)'"=cosm<^ + 8inm<^ . V^ (37), 

which is the well-known formula of De Moivre. 

This formula ma}' be made the basis of a B3'stem of analytical 
trigonometry. . Thus, for example, to deduce the formulae for 
the sine and cosine of the sum of two angles, we have from (d) 

cos <^ -f- sin <^ V — 1 = c'^ ^~ '' 
cos -I- sin V^= e'''"^- 

Multipl34ng member b}' member, 

cos<^ cos^ 4- cos<^ sin^ . V — 1 + cos^ sin<^ • ^^i^ 

sin<^sin^ = e^'^"^-^^^^- (9) 

But from De Moivre's formula 

cos (<^ + 6>) + sin (<^ + ^) V^= e^*+^)-^. W 
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Equating the first members of (g) and (7i), since in any equa- 
tion between real and imaginary quantities these are separately 
equal in the two members, we have 

cos (^ -}-</)) = cos $ cos <^ — sin ^ sin <^. 
sin (^ -|- </>) = sin cos <^ -f cos sin 0. 



These formulae, while they may be of course demonstrated 
independently of De Moivre's formula, are here deduced from 
imaginary' expressions. It would therefore appear that these 
expressions admit of a logical interpretation. 

If any positive quantit}' m be multiplied by (V— 1)^ the re- 
sult is — • m. That is, in accordance with the geometrical inter- 
pretation of the minus sign, we may regard the above factor 
( V— 1)^ as having turned the linear representative of m about 
the origin through an angle of 180? If, instead of multiplying 
m b3' (V — 1)^, we multiply it by V — 1, we ma}' infer from 
analog}' that the line m has been turned through an angle of 90° 

about the origin. If, too, we ob- 
serve that each of the four expres- 
sions 

m, mV — 1, — m, — mV — 1 

is obtained from the preceding by 
multiplying by the factor V — 1 , they 
ma}' be regarded as denoting in 
order a distance m on the co-ordi- 
nate axes OX, OF, OX/ OY' 
(Fig. 33), V— 1 being, as a factor, 
a versor turning a line left-handed through a quadrant. These 
expressions therefore locate a point on the axes, both as to dis- 
tance and direction from the origin. 

Since e very imaginary expression can be reduced to the form 
± a ±b y — 1, we may, in accordance with the above interpre- 
tation of V — 1, regard such an expression as defining the posi- 
tion of a point out of the axes. Thus oa = a (Fig. 34) and 
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Fig. 34. 



AP = 6, laid off at a at right angles to oa since b is multiplied 
by V — 1 ; so that in passing over oa and ap in succession we 
reach the point p. It is also evident that such an expression 
implicitly fixes the position of p b}' 
polar co-ordinates, since Va^ -f- ^^ = op 

and tan poa = - . In like manner 
a 

— 6 -|- a V — 1 would locate a point pJ 
oa' having a length = a^ but laid off 
perpendicular to oa, since V — 1 is a 
factor, and a'p'= — 6. As before, 
we have implicitly op' = Va^ + 6^ and 

tan p'oA = — 



a 



r'l 


a' 

/ 






/ 


r 




o 


A 



Furthermore, if we operate on the 
first expression, a + 6V — 1, which fixes the point p, with 
V— 1, we obtain the second, — -ft + aV— 1, or V— 1 as a 
factor turns op through 90° so as to make it coincide with 
op! As an operator, therefore, we ma}' regard V— 1, like i, J, 
k, as a quadrantal Ajprsor, turning a line through a quadrant 
in a positive direction. Algebraicalh' it denotes an impossible 
operation. (In Algebra quantities are laid off on the same 
line in two opposite directions, -f and — . It was because quan- 
tities are so estimated onl}' in Algebra that Sir W. Hamilton 
called it the Science of Pure Time, since time can be estimated 
onl}' into the future or the past.) But it is unreal or imaginary 
onl}* in an algebraic sense. If the restrictions imposed by Al- 
gebra are removed, by enlarging our idea of quantity and at the 
same time modifying the operations to which it is subjected, this 
imaginary character disappears. In applying the old nomen- 
clature to these new modifications, it will be seen that the prin- 
ciple of permanence is observed, i.e., the new meaning of terms 
is an extension of the old ; and when the new complex quantities 
reduce to those of Algebra, the new operations become identical 
with the old. 

If now we operate upon 

a + ^V^, 
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which, if we regard a = OA (Fig. 35) and 6V~ 
vectors, is equivalent to op, 

Fig. j5. expression 

co80«-f-sini^ . V— 1 

of De Moivre's formula, we o 

a cosi^ — 6 8in0 + V — 1 (a 
6cos.^). 

Draw OX' so that X'OX-. 
pa" and al perpendicular an 
allel to OX'. Then 




^J^Jl-J. 



' ^ a cos — 6 sin ^ = OL — a" 

a a\a^-\-h cos ^ = la + sp 

Make oa'=oa," and lay off a'p'= a"p perpendiculi 
since it has V— 1 as a factor; then 

(a cos^ — 6sin^)+V — !((( siiii^ + 6 coa<^) = OA'+. 

and p'op = 0. 

But the formulae for passing from a set of rectang 
OX, r, to another rectangular set OX', Y', ai-e 

a; = a;'cos^ + ^'sin^, 
!/ = Sr'eosi^-x'sin^, 

in which XOX'=<^, a; = OA, !/ = ap, a:'= oa|' j'= pa 

OA = OK + KA, 



a"k being perpendicular and a"n i)ai'alle] to OX. 

Hence the effect of the operator has been to tui 
handed through an angle ^, which is equivalent to ti 
axes right-handed through the same angle. 
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+ 1,-1 and V— 1 are particular cases of the general versor 

cos<^ + sin</> • V— 1, 

namel}^ when <^ is 0° 180° and 90° respective!}', -f 1 preserv- 
ing, — 1 reversing and V— 1 semi-inverting the line operated 
upon. 

We ma}' now see the meaning of De Moivre*s formula 

(cos <^ -F sin <^ . V— 1)*" = cosm<^ -f-sinm<^ • V — 1. 

As operators, the first member turns a line through an angle <f> 
successively m times, while the second member turns it^m times 
this angle once^ producing the same result. The expressions 
cos <l> H- sin <f> . V — 1 and cos <f> -\- sin <t> . c are identical, except 
that in the latter the plane of rotation is not indeterminate, 
being perpendicular to e, V — l being any unit vector with in- 
determinate direction in space. 

Equation (37) may be put under the form 

cosm(27rn + <;^)-f sinm(27m + <^) . V — l = [cos (27m + <^) + 

sin (2 Trn -{- <^) . V"^]"*. 

In the second member if <^ = and m = i, we have V 1 for all 
integral values of n, while the first member for n = 0, n= 1, 
n = 2 becomes 1, -i + ^V^, -i-'^V^, the three 
roots of unitj% 

In the same way for m = \, 

1, 

i + ^V-i^, 

-1, 

the six roots of unity. The real roots lie on the axis, along 
which du-ection is assuQied plus and minus, while the imaginary 






u 



T C 
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roots are vectors in a direction not that of the axis, and are the 
sum of two vectors, one of which is in the direction of the axis 
and the other perpendicular to it. 

40. Let a and P be* unit vectors along oa and ob (Fig. 36) . 

Resolve oa = a into the two vectors 
OD, DA. Then 



Fig. 36. 




OA = a = OD + DA. 



But 



OD = COS ff> . P^ 

DA = € (sin <f> , P)==sm(t> • ^Pt 

€ being a unit vector perpendicular to 
the plane aob, as in the figure. Hence 



a = cos </) . ^ -|- sin <^ • €p. 



(«) 



Now when a and p are unit vectors, we have by definition 
?L . p = (cos <^ + € sin </))yS = a ; or, comparing with (a) , 

(cos </) + € sin <^)y3 = cos <^ . )3 -f- sin <^ . c^. 

The distributive law^ therefore, applies to the multiplication 
of a vector by the scalar and vector parts of a quaternion; for 
if a and p are not unit vectors, the tensors, as merely numerical 
factors, can be introduced without affecting the versor conclu- 
sion. Resolve p into the vectors oc, cb, cb being perpendicular 
to OA. Then 

OB =i /? = oc + CB. 

But 

OC = COS </> . a, CB = — c (sin <^ • a) . ' 3 



Hence 



cos <f> , a — sin <l> • €a = P^ 



or, by the distributive principle, 



(cos <^ — sin </> • e) a = )8. 
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Using the two members of this equation as multipliers on the 
corresponding members of (a) 

(cos <^ — sin </) • c) aa = ^ (cos </> • )3 -f sin <^ . €p) , 

or, since a^ = — 1 , 

— cos<^ + €sin<^ = ^a (38). 

If a and /3 are not unit vectors, 

)8a = TySTa ( - cos <^ -h € sin </>) . . . (39). 

Operating with each member of (a) on ^, 

a/3 = (cos <^ . )8 -h sin <^ . €/3)/3 
= cos <^ • 13^+ sin <^ • €^ 
= — cosk}} — €sin<l> (^0)? 

or, if a and p are not unit vectors, 

a)8=TaT^(— cos<^ — €sin^) . . . (41). 

The product of any two vectors is^ therefore, a quaternion^ 
which, as before, may be regarded either as the sum of a scalar 
and a vector or the product of a tensor and a versor. In gen- 
eral notation 

a^ = Sa/?+Va/3=Sg+Vg .... (42), 
ap^Tq.Vq (43). 

TJie scalar of the product [Ha/3 = — TaT^ cos <f>] is the product 
of the. tensors aiid the cosine of the supplement of the contained 
angle. 

The vector of the product [Va/S = — TaT/S sin <^ . i\ has for its 
tensor [TVa^= TaT^ sin <^] the product of the tensors and the 
sine of the contained angle^ and for a versor [UVa)8 = — c] a 
unit vector at right angles to their plane such that rotation about 
it as an'axis is positive or left-handed. 
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Representing the tensors of a and ^ by a and ft, we have, as 
in Art. 38, from Equation (41), 



Fig. 36. 






Tg = 


ah 


> 




Ug = 


— cos<^ — csin 


<^ 




Sg = 


— ah cos <f> 






Vg = 


— a6sin<^ • € 






TYq = 


a6 sin <f> 






UVg = 


— € 






SUg = 


— COS<^ 






\\]q = 


— sin <^ • € 






TYVq = 


sin</> 




(TV 


:S)q = 


— tan<^ 


J 



1- (44). 



41. Resuming the expressions for the products and quotients 
of a and )8, 

fia = TySTa (— cos^ + €sin<^), (a) 

a)8 = TaTy3 ( — cos </> — €sin<^), (6) 



we observe 



^ = — ^ (cos <i — € sin <i>) , 
a Ta^ ^ ^^ 

a Ta / , , • I \ 



(d) 



1st. That if a and )8 be interchanged the sign of the vector 
part is changed. It is equivalent to a reversal of the angle </>, 
and consequently a change in the direction of rotation. Hence 



UV^a=€ = -UVa)8 

UV^ =€ = -UV^ 



(45). 



P 



a 



Vector multiplication is not therefore in general commutative. 
2d. If the vectors are unit vectors, 

' )8a = -^, a^ = -^ (46), 

a P 
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the product being expressed also b}* a quotient. This is of 
course always possible, as appears from (a), (6), (c) and (d), 
and the transformation may be effected thus : 

^ = _^ = M(cos.^-.sin<^), [Eq. (31)] 

a la la 

— ySa = TySTa (cos<^ — €sin<^) ; 
or 

Pa = TySTa (— cos<^ -f €sin<t>) . 

3d. If <^ = 0, then in either (a) and (b) or (c) and (c/) 
the vector part of q becomes zero, and the quaternion de- 
grades to a scalar. When <^ = the vectors are parallel, and 

aiS = — TaTjS = — a6, as in Art. 35; also - = — = -. as in 
^ ^ ■ ' ' ^ T/3 6' 

Art. 8. If at the same time a and B are unit vectors - = - = 1 

Pa 

[or = a6,~^ = — a^ = 1] and a^ = a^ = — 1 , as in Arts. 33 and 28. 
If then q he any quaternion and Yq = 0, the vectors of which q 
is the quotient or product are parallel, 

4th. If c^ = 90° then in either (a) and (?>) or (c) and {d) 
the scalar part of q becomes zero, and the quaternion degrades 
to a vector ; and either the product or quotient of two rectangu- 
lar vectors is therefore a vector at right angles to their plane, 

ap reducing to — a^e and - to -c, as in Art. 34. If at the 

same time a and p are unit vectors, a/3 = — c and - = c, as in 
Art. 27. '^ 

If then q he any quaternion and S^ = 0, the vectors ofichich q 
is the quotient or prSduct are perpendicular to each other. ; 

5th. If an equation involves scalars and vectors, the vector 
terms having been so reduced as to contain no scalar parts, then 
since the scalar terms are purel}' numerical and independent of 
the others, the sums of the scalars and vectors in each member 
are sep>arately equal. Thus if 

x-\-aa-\-hp = d^y-^a^a-\- (6'- h^')p 

then [, (47), 

aj = cZ-f2/ and aa + 6,5 = a'a -f- (6'— 6")y8 
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which might also be written (Art. 38) 

S (a; -f aa -h W =S [d + y -h a'a -f (6'~ 6")/3], 
jIx -f aa + bl3) = V[d 4- 2^ -f. a'a -h {b'- b")p]. 

6th. E being the quotient which operates on a to produce ^, 



we have b}' definition 



^^P (48). 



, 7th. TYajS, or a6 sin<^, is <^e area of a parallelogram whose 
sides are equal in length to a and b and parallel to a and p. 
Sa^, or —ab cos <t>^ is numerically the area of a parallelogram 
whose sides are a and 6, and angle ab is the complement of <f>, 

8th. Since the scalar sj^mbol S indicates the operation of 

taking the scalar terms, 

Sa = (49), 

and, for a similar reason, 

Va=a (50). 

Again, since a^ is a scalar, 

V(a2)=0 (51), 

S(a2) = -a2 (52). 

y (a^) ma}' be written V • a^, as also S(a^) = S . a*, but these forms 
must be distinguished from (Ta)^ and (Sa)^, which latter are 
also sometimes written V^a and S^a. 

9th. Comparing (a) and (6), 

Sa)3 = S)Sa (53), 

and 

Ya/3 = -V^a (54). 

Adding and subtracting (a) and (6) , we have also 

a/? + ^a=2Sa^ (55), 

al3-'fia=2Ya^ (^iQ) , 



t> 
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10th. a/3. 13a = (Sa^ + Va^) (Sa^ - Va/3) [Eqs. (53) and (54)] 

= (Say8)2- Ha/3Yal3 + ^a/3Yafi - {Ya^y, 
H6I1CG 

a^. /3a = (Sa^)2-(Va/3)- . . . . (57), 

or, from Equation (44), 

a^.ySa = (Ta/?)2 (58). 

42. Powers of Vectors. 

The symbol i"*, m being a positive whole number, has been, 
seen (Art. 28) to represent a quadrantal versor used m times 
as an operator ; the exponent denoting the number of times i is 
used as a quadrantal versor. By an extension of this meaning 

of the exponent, i^ would naturally' represent a versor which, 

1 
as a factor, produces the — th part of a quadrantal rotation. 

Thus i^ produces a rotation through one-third, and t* through 
three-fifths of a quadrant, respectivel3\ With the additional 
meaning attached to the negative exponent (Art. 32), as indi- 
cating a reversal in the direction of rotation, we may in general 
define /', where i is any vector-unit and t any scalar exponent, 
as the representative of a versor which would cause any right 
Tine in a plane perpendicular to i to revolve in that plane through 
an angle t x 90? the direction of rotation depending upon the 
sign of t. Hence every such power of a unit vector is a versor, 
and, converse^, every versor may he represented as such a 
poicer, ^ 2<^ 

Since the angle (<^) of the versor is ^ x -, we have t = — , 

and anj' versor 

cos </> -t- c sin <^ 
may be expressed 2cf» 

cos<^-H€sin<^ = €~ (59), 

and 

cos<^ — esin<^ = €~"^ .... (60); 

the vector base being the unit vector about which rotation takes 
place, and the exponent the fractional part of a quadrant through 
which rotation occurs. 
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The operation of which i' is the agent ia one-half that of 
which i is the agent, and therefore two operations with the 
former is equivalent to one with the latter ; or, as in Algebra, 



i'i'=i = P^^ (61), 

©r, employing the other versor form, if a, ^, y are complanar unit 
vectore so that 

a 3* 

^ = cos^ + esin0 = €Ti 

B SB 



we have 

(cos0 + tsin0)(eosfl + «sine) = co3i^cosfl + ('sin^8iafl + 

((sin^cos^H- cos^sinfl) 
= cos {^ + tf)-|- (Sin (,^ + 0) : 

The second member is the IF—, its angle being (<(,+$), and 
may be therefore expressed as the power of a unit vector, and 
written e — s — ; this exponent ia the sum of the exponents of 
the factors, or 

g-5r£ir = e— li— (62). 

This is evidently an abridgi 
algebraic late of indices ia appli 

Since t'— — l and therefore 
odd multiple of 2, and if ("= 
of 2. 

In either case the coeiBcient 
ber, and cos^itsint^ degrad 
since ain wit = when m is an 

If <'=±e, t must be an oi 
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wi=J, f, §, etc., cos7?i7r = and the versor degrades to the 
vector ±c. 

If the vector is not a unit vector, as xi = p, to interpret the 
exponent, sa}^ p*, so as to satisfy the formula 

pkphz=:p (63), 

which is analogous to Equation (61), we must combine with the 
conception of rotation through half a quadrant an act of tension 
represented by the square root of the tensor of /o. Thus, if 
X = 16, and we write 

p^ = (160*=16^iS 
then 

^y = (16*i*)(16*i*)=16i = p, 
or, if aj = Vs, 

p*py = (V2 .2^)(V2 . i*)(V2 . i*) = V8 . i = p. 

And, in general, 

p' = (xiy = af.i' (64), 

or the tensor of the power is the power of the tensor, and the 
versor of the power is the power of the versor. Symbolically 

T.p' = (T,^y (65), 

U.p* = (Up)' (66). 

Any such power (p') , as the representative of the agent of ] 
both an act of tension and version, is therefore a quaternion, \ 
whose tensor and versor can be assigned b}' the above rules, and, 
conversely, every quaternion can be expressed as the poiver of a . 
vector^ which quaternion ma}' degrade to either a scalar or a 1 
vector as seen in the preceding versor conclusions. Hence it 
follows that the index-law of Algebra is applicable to the powers 
of a quateimion. 
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43. Relation between the Vector and Cartesian deter- 
mination of a point. 

If I, j, k are three unit vectors perpendicular to each other at 
a common point, then the vector from this point to any point p 
may be written 

p^xi-\-yj+zk (67), 

in which x, y^ z are the Cartesian co-ordinates of p. If the vec- 
tors are not mutually perpendicular and are represented by a, p, 
y, then 

p = xa-^yP-{-zy (68), 

in which a;, t/, z are the Caitesian co-ordinates of p refeiTed to 
the oblique axes. So long as the vectors a, /?, y are not com- 
planar, p refers to any point in space. 

Since any quaternion q may be expressed as the sum of a sca- 
lar and a vector, if to be any scalar, then 

q = w-\-xa-hyP-\-zy (69). 

As composed of four terms, we observe an additional reason 
for calling this complex expression a quaternion. 
Any vector equation 

p = a- = aa -{- bfi -\- Cy^ 

involves three numerical equations, as 

x = a, y = b^ z = c, 
unless the vectors are complanar ; in which case we maj' write 

y = na-\- ??iyS, 

and 

p = (x-j- zn) a -f (?/ -f zm)/3, 

a-= (a + C7i) a -f- (& + cm)P^ 
which, for p = cr, involves but two equations 

X -{- zn = a -i- en, y-\-z7n = b -j-cm. 



GEOMETRIC MULTIPLICATION AND DIVISION. 



65 



Resuming the quadrinomial form of ^, when the component 
vectors are at right angles, we have 



q = w-\-od-^ yj-\- zk 
^ = w 
Yq = xi + yj-\- zk 



. . . (70). 



Since (TYq)' = - (Vg)^ = a^ -f 2/' -f «S we have 



TYq 
VYq 



Yq ^ xi-^yj+zk 
TYq V^TFT? . 



. (71). 



Also, since (Art. 41, 10th.) 

(Tqy = {Sqy - {Yqy == ii^ -h x" -\- y^ + z\ 



Tq 
Vq 



SUg = ^ = 



Vm;^ H- ic2 -f- 2/2 ^ 2^ 

q _ w -^ xi -\- yj -\- zk 

Tg "'Vk;'H-x2 + !/2 + 2' 
Sg w 



TYVq=z 



Tq V«;' -f- ar^ 4- 2/' -f 2;' 



Tq 



^w'-ha^+f-h^ } 



. (72). 



44. The plane of a quaternion has been already- defined as the 
plane of the vectors or a plane parallel to them. The axis of 
a quaternion is the vector perpendicular to its plane, and its 
angle is that included between two co-initial vectors parallel to 
those of the quaternion. If this angle is 90° the quaternion is 
called a Right Quaternion. An}^ two quaternions having a 
common plane, or parallel planes, are said to be Complanar. 
If their planes intersect, they are Diplanar. If the planes of 
several quaternions intersect in, or are parallel to, a common 
line, they are said to be Collinear. It follows that the axes of 
coUinear quaternions are complanar, being perpendicular to the 
common line. Complanar quaternions are alwa3's collineai', and 
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complanar axes correspond to coUinear quaternions, but the lat- 
ter may of course be diplanar. 

o'a o"c 
Let — — and — -— be any two quaternions. If complanar, they 

OB o D 

may be made to have a common plane ; and, if diplanar, their 
planes will intersect. In the former case let oe be an}- line of 
their common plane, or, in the latter, the line of intersection 
of their planes. Now, without changing the ratios of their vec- 
tor lengths, the planes, or the angles of the given quaternions, 
two lines, of and og, ma}" always be found, one in each plane, 
or in their common plane, such that with oe we shall have 

o'a of j o"c og 
— = — and = ; 

o'b oe o"d oe 

and, therefore, any two quaternions, considered as geometric 
fractions, can be reduced to a common denominator ; or, in the 
above case 

o'a 0"c _ of OG _ of 4- OG 
o'b o"d oe oe ~" OE 

Moreover, a line oh, in the plane ao'b, may always be found 
such that 



o'a _ OE 
o'b "" oh' 



and therefore 



o"o o'a og oe og 



and 



o"d o'b oe oh oh' 



o'a ^ o"0 _ OF ^ OG _ OF oe _ OF 

o'b * o"d ~" oe ' oe oe og ~ OG 



45. Reciprocal of a Quaternion. 

The reciprocal of a scalar is another scalar with the same 
sign, so that, as in Algebra, if x be any scalar, its reciprocal is 
1 

— • 

X 



x-' = - 
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The reciprocal of a vector has been defined (Art. 33) , so that, 

if a be any vector, - = a"^ = — — - Ua. 

a Ta 

The reciprocal of a quaternion has also been defined (Art. 
26) ; thus ^ 

being any quaternion, 

a q 



is its reciprocal. The only difference between the quotients 

a /3 

- and - (Fig. 37) is that, as opera- 

P a Fig. 37. 

tors, one causes p to coincide with a, 
while the other causes a to coincide 
with p, A quaternion and its recipro- 
cal have, therefore, a common plane 
and equal angles as to magnitude, 
but opposite in direction ; that is, ^- — a 
their axes are opposite. Or 




Since 





Zl: 


= z 


q 


and 


axis 
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— axis 
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/i 



1 : r.= 






the product of two reciprocal quaternions is equal to positive 
unity, and each is equal to the quotient of unity by the other ; 

we have, therefore, as in Algebra, -g=l and ^ = 7, and no 

q 1 i 

new symbol is necessary for the reciprocal. - is, however, 

sometimes written Rg, R being a general 83'mbol of operation, 
namel}', that of taking the reciprocal. It follows from the above 
that 



^1 1 
q Tq 



(73), 
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or, the tensors of reciprocal quaternions are reciprocals of each 
other ; while the versors differ only in the reversal of the angle. 
If then 

a Ta / J 1 • 1 \ 

g = - = — (cos d> 4- € sm (A) 
we shall have 

Q a Ta 



} • (74). 



Fig. 37. 



^^ 



46. Conjugrate of a Quaternion. 

If )S' (Fig. 37.) be taken complanar with fi and a, and making 

with a the same angle that /3 does, 
T^' being also equal to T^, then, if 

R ^ ^^' ^' ^^ ^^^^^^ ^^G conjugrate of 
q, and is written Kg. The symbol K 
indicates the operation of taking the 
conjugate. A quaternion and its con- 
jugate have, therefore, a common 
plane and tensor, as also, in the ordi- 




— a 



nary sense, equal angles ; but their axes are opposite ; or 



and 
If then 

we shall have 



TKg = Tg = -1- 

"^^ 1 

axis Kg = — axis g = axis- 

g = ^ = -^ (cos <f> -f- € sin d>) 

Ta 

Kg = — (cos<^-€sin<(5,) 



. (75). 



. (76), 



or, the tensors of conjugate quaternions are equals and the versors 
differ only in the reversal of the angle. 

Regarding a scalar and a vector as the limits of a quaternion 
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(Art. 41, 3cl and 4tli), we see from Equation (76) that the con- 
jugate of a scalar is the scalar itself^ and that 

Ka = — a = — TalJa (J'^) ? 

or, the conjugate of a vector is the vector reversed. In general 
notation we may write 

whence it follows from the above that 

or (Art. 43) [-.... (78), 

"Kq = 10 — XI — yj— zk ) 

that is, the scalar of the conjugate of a quaternion is the scalar 
of the quateimion^ and the vector of the conjugate of a quaternion 
is the vector of the quaternion reversed ; a result which may be 
expressed symbolically 

TKg = -VgJ ^ ^' 

These are Equations (53) and (54) . 

If we add and subtract the two conjugate quaternions 

g=:Sg+Vg, Kg = Sg-Yg, 

we have 

9 + K9=2S./) 

q-TLq=2yq) ^ ' 

The Slim of two conjugate quaternions is^ therefore, always a 
scalar^ positive or negative as the Z g is acute or obtuse. If 

Z g = -, this sum is evidentl}^ zero. 

Since, if g is a scalar, Kg=:g, then, conversel}", iflLq^^q^ q 
is a scalar. 
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47. Opposite Quaternions. 

If, for -, we write ^ (Fig. 37), the latter is called the 
p P 

Opposite of 9, and is evidently — q, for 

(i (J /S /8 

As appears from the figure, opposite quaternions have a com- 
mon plane and tensor, supple raentarj- angles and opposite axes ; 
or 

T( — 9) ='Sq, L—q = Tr—/Lq and axis (— g) = — axis q. 

Since —a , ^ _ " — " _ _ n 

^ "^;8 ,3 ~/3" ' 

(fte sum of two opposite quaternions ia zero, or 



or, their quotient is negative vnity. 




If Z q= -, Kg = — 5 ; and, conversely, if Kg = — g, g is a 
vector. 
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48. Since Uq is independent of the vector lengths, and only 
dependent upon relative direction, versors are equal whose axes 
and angles are the same. Hence 

UKg = ul (82). 

q 

But (Art. 24) 

\ ^J a Ua U^ 



and, Equation (82), 



q Vq 



(83), 



UKg = 



Vq 



Again, since the conjugate of a versor is the same as the re- 
ciprocal of that versor, we have, from Equations (82) and (83), 

UK^ = KUg ...... (84). 



49. Representation of Versors by spherical arcs. 

If a, /8, y, are co-initial unit vectors, their extremities will 

all lie on the surface of a unit sphere (Fig. 38) . ^ being any 

a 1^ 

quaternion, U n turns p from the position 

OB to OA, and this versor may be repre- 
sented by the arc ba joining the vector 
extremities ; for this arc determines the 
plane of the versor as also the magnitude 
and direction of its angle, the direction 
of rotation being indicated by the order 
of the letters as in the case of vectors. 
This representation of versors by vector 
arcs is of importance in the theorems re- 
lating to the multiplication and division of quaternions, and 

may be made upon a unit sphere ; for, if a, ^, y, are not unit 

vectors, the quaternions will differ from the versors b}' a nu- 
merical factor only, the introduction of which camiot affect the 
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51 v3 



Fig. 38. 




versor conclusions. Disregarding, then, the tensoi's, since ver- 
sors are equal whose planes are parallel and angles equal (in- 
cluding direction), equal arcs on the 
same great circle and estimated in the 
same direction represent equal versors, 
for an}' arc ma^' be slid over the gi*eat 
circle on which it lies without change of 
length or reversal of direction. On this 
plan b'a = AB will represent the recipro- 
cal or conjugate of ba, and a quadrantal 
versor would have for its representative 
BC, an arc of 90? Also, the versors of 
all complanar quaternions will be re[)re- 
sented b}' arcs of the same great circle, while arcs of different 
great circles will represent the versors of diplanar quaternions, 
which are always unequal. 

If M, N and p are the vertices of a spherical triangle, the vector 
arcs MN, NP and pm will represent versors, and it will be seen 
that by taking the geometric sum of two of these arcs in a cer- 
tain order, the remaining arc will represent the versor of their 
product ; so that if g' be represented b}' pm and q b}' np, q'q ma}' 
be constructed b}- a process of spherical addition represented by 
PM + NP = NM, NM representing the versor q'q ; but that because 
q'q and qq' are not generally equal, this process of spherical ad- 
dition, as representing versor multiplication, is not commutative 
as was that of vector addition, pm -f- np and np + pm representing 
diplanar versors. 



50. Addition and Subtraction of Quaternions. 

Since a quaternion is the sum .of a scalar and a vector, in 
finding the sum or difference of several quaternions the sum or 
difference of their scalar and vector parts may be taken sepa- 
rately'. The former will be a scalar and the latter a vector ; 
consequently, tJie sum or difference of several quaternions is a 
quaternion. 
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1. Both the associative and commutative principles being 
applicable to the summation of scalars, as also to that of vectors 
(Arts. 4, 5), they also hold good for the addition and subtrac- 
tion of quaternions ; or 

q-j-r = r-{'q 
and ^ . . . . (85). 

^y + (r+s) = (^ + r) + 5 



If then 



in which 



r = Sr +Vr 

s = q-{-r-^ = S5+Vs; 

Ss = S (r/ + r + ) = Sry + Sr + 

\s = V(^ + r H- ......) =V5 + Yr + 



and, in general, 

S2g = SSg 1 

YSg = 2Vg J 



(86), 



or, in quaternion addition and subtraction^ S and V are distribu- 
tive symbols. 

2. If g + r -f-p + = s, then. Equation (78) , 



Kg+ Kr + ^p-{- = Sg+ Sr + S/) + - Vg- Vr- Vp - 

= Ss-Vs=Ks. 

.-. 2Kg = K2g (87), 

K, like S and V, being a distributive symbol. 

3. Again, since the conjugate of a scalar is the scalar itself, 

KSg = Sg. 
But Sg = SKg. Hence 

KSg = Sg = SKg (88). 

Also, since the conjugate of a vector is the vector reversed, 

KVg = -Vg. 
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But — T^ = TKq. Hence 

lTg = -Tg=TKg (89); 

beuce K is commutative icith S and T. 

4. Siace any two qaateniHHis may be 
reduced to a common denominator (Art. 
^ 44), so that 

and since 

unless a^ = xy' and jr>0. it follows that 
T^-hT^'>T(7-h?') 

unless q^xq' and x>0. Hence, in general, T^g is not equal 
to 5T7. 3Ioreover, since ITSg is a function of the tensors under 
the 5 sign, while ^Tq is independent of the tensors, USg is not 
equal to 5r<7. This also appears from the representation of ver- 
sors bv spherical arcs (Fig. 38). Hence, i» the atldition and 
subtraction of quateniionSy T arid T are not^ in general, dis- 
tributive symbols. 

5L MizItipIicstaoEi of QaatsrziioittL 

^- ^^^ q = Sq-hJq. r = S»--hTr 

be any two quaternions. Then 

p = qr = ^i»r -h ^iTr -f- ^rJq -f-T^Tr. 

The last member, being the sum of a scalar and a vector, is a 
quaternion. Hence, the product of tico quaternions is a qnater- 

liLvii^ and ^ , ^ a , XT 

p = '^p -hJp = ^ir -hTqr. 

in which 

Sf/r = S^/^r 4- J^ • T^T^ .... (90), 

and 

y.^r = Sc^Tr -h J^T^ -hT . T7Tr . . . (91). 
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If we multiply q by r, we obtain 



Srg=SrS^-hS.VrVg, 

Vrg = SrVg + S^Vr 4-V • VrVg. 



But, Equation (53), 



S . yryq = S . VgVr. 



(92) 



But, Equation (54), 



V.VgYr = -Y.VrYg, 



and therefore the products qr and rq are not equal. Hence, 
quaternion mxtUiplication is not in general commutative. If, 
however, q and r are complanar, Vg and V7' are parallel, and 
V • VgYr = ; in which case qr = ?'g. Converselj', if qr = rq^ q 
and r are complanar. 

Since Reciprocal, Conjugate and Opposite quaternions are 
complanar, they are commutative, or 



qKq = Kg . g 
1 



1 

9- 

Q 



-q = qq-^ = q-'^q 



. (93) 



2. It has been shown (Art. 44) that any two quaternions 
g, g; can be reduced to the forms c and 1 having a common 

a a 

denominator, or to the forms - and 5f. Hence 

8 a 

g ,g .- .- = -. 

a a a fi p 



We have then 




g /8 T)3 Ta ' T^ Ta • 


T/3 
Ta 


iT^'^uy_Uy_Uy u« Uy. 

g ^ U^ Ua'U)3~Ua" 


Va 



: Tg' : Tg 
Ug' : Ug 



(94). 
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In a similar manner 



T(g'<z) = T[^.g=T| = g = g.L%T5'.T, 



U(f/<?) = u|=U3Tg 



(95). 



' y 



Hence the tensor of the product {or quotient) of any two qua' 
ieimions is the product (or quotient) of their tensors^ and the ver^ 
sor of the product (or quotient) is the product (or quotient) of 
their versors. 

In fact, tensors being commutative, we have, in general, 

TUq = UTq (96), 

^^Uq = THq . VUq = UTq . UTJq,) 

.-. VUq=:nVq (97). 

3. The multiplication and division of tensors being purely 
arithmetical operations, we proceed to the corresponding opera- 
tions on the versors. It has been shown (Art. 44) that any 
two versors ^, q', may be reduced to the forms 

g = - = — , g'= ^= — , (Fig. 39) , 

a OA /3 OB 

A, B, c^ being the vertices of a spherical triangle on a unit 
sphere. Then 

/3 a a OA 

If we represent the versors q* and q by the vector arcs bc' 

v' 
and ab, then the versor L, the product of q*q, will be repre- 

sented by the arc ac' ; moreover if g'"= - represent any divi- 

dend and q= - any divisor, then 

q a* P P OB^ > 

the versor of the product q^q being 

BC' -h AB = AC', 
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// 



Fig. 39. 



and the versor of the quotient — 

AC'— AB = liC'; 

and, as in the addition and subtraction of quaternions, the pro- 
cess consisted in an algebraic addition and subtraction of scalars 
but a geometric addition and subtrac- 
tion of vectors, so the multiplication 
and division of quaternions is reduced 
to the corresponding arithmetical ope- 
rations on the tensors and the geome- 
trical multiplication and division of 
the versors, the latter being con- 
structed by means of representative 
arcs and the rules of spherical addition aod subtraction. 

4. The representation of a versor l\y the arc of a great circle 
on a unit sphere illustrates the non-commutative character of 
quaternion multiplication. For, ab and ba' (Fig. 39) being equal 
arcs on the same great circle, as versors 




AB = BA 



and similarl}' 
Now if 

then 



CB = BC . 



P a 



= TT and 



a'/? a 

py 7 



-7^- = — and 



pa a 



the versors qr and rq being represented b}^ the arcs ca' and ac' 
respective!}'. These arcs, though equal in length, are not in the 
same plane, and therefore the versors rq and qr are not equal. 
Constructing these versors, by spherical addition we should have 

BC'+AB = AO', 
AB + BC' = ba' -f CB = Ca', 

a change in the order giving unequal results. 
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Hence, unless ac' and ca' lie on the same great circle, in 
which case q and r are complanar, quaternion multiplication is 
not commutative. 

5. Other results, hereafter to be obtained symbolically, ma}' 

be readily proved by means of spherical arcs, as follows : 

B 
If AB (Fig. 39) represents the versor of g = -, a'b = ba repre- 

1 * 

sents the versor of ILq or -. The spherical sum of ab + ba 

^ 1 

being zero, the effect of the versors in the products qlLq and q- 

is to annul each other. Hence, if the vectors are not unit 
vectors, gKg = Kg . g = (Tg)^ (98) ,• 



Again, from 
we have 



4= 


1 


= 1. 




AB 


+ BC 


r 


ca', 




qr = 


a! 

r 





and the versor of K {qr) will therefore be represented by a'c. 

But 

a'c = bc+a'b, 
whence 

K(gr) = KrKg (99), 

or, the conjugate of the product of two quaternions is the product 
of their conjugates in inverted order. 

6. The product or quotient of complanar quaternions is readily 
derived from the foregoing explanation of versor products and 
quotients as dependent upon a geometric composition of rota- 
tions. For, disregarding the tensors, the vector arcs which 
represent the versors, since the latter are complanar, will lie on 
the same great circle, and the processes which for diplanar ver- 

a' 
sors were geometric now become algebraic. Thus for g'="^ 

^»^^ = a' , , a' ^ a' 

p a a 
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and, Fig. 39, 



ba' + ab = ab + BA = aa' ; 



also for g"= - and 5'= ^, 



a 



a 



and 



Q^_^ .P_o.' a _ a' 
q' a * a~~ a P /?' 

BA -h AA' = ba'. 



The product or quotient of an}' two complanar quaternions is 
therefore obtained bj- multiplying or 
dividing their tensors and adding or rig. 39. 

subtracting their angles. Thus 

pq = Tp . Tg [cos (<^ -f ^) -f 

€sin(<^-f ^)]. 
If p = q, 

^ = (Tg)2 (cos 2 <^ 4- € sin 2 <^) , 

or, generally, 

g" = (Tg) « (cos n <^-f€ Sinn <^) . . . (100), 

whence result the following general formulae. 




T(g") 

U(g") 

SU(g") 

TVU(g") 



(TqY 
(Vqr 
cosnZq 
sin nZg^ 



. • • 



. (101), 



which are all involved in Art. 42. 



52. 1. Distributive and Associative Laws in Vector 
and Quaternion Multiplication, 

Having assumed (Ait. 24) 



- + -= 1 

a a a 



(a) 
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whence 

since o is any vector, we have 

fia + ya = (fi + y)a. 
Taking the conjugate of (/3 + y)a, 

= Ka(K^ + Ky). [Eq.87] 

Taking the conjugate of (/3a + ya) , 

Hence '^ ^^" "^ ^^ " ^^^ "^ ^^" = ^"*^^ + ^^-Ky. 

^^ K«W+Ky) = KaK^ + Ka¥y, 

Hence from (a) and (6), the multiplication of vectors is a 
aoubly distributive operation, and 

2. Let gr = - be any quaternion and a any vector ; also p a 
vector along the line of intersection of a plane perpendicular to 
a with the plane of 9. Then another vector, S, may be found in 
the latter plane, such that ^=|, | having the same angle, plane 
and axis as |. Also let y be a vector in the intersecting plane, 
such that "s = «• If now a be any scalar, 

_ a/3 + y ^_a0 + y 

p ' s r~ 

= ciq + aq. 
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Taking the conjugates as above, 

Hence, in general, 

(a -h a) (a'-f- a') =£La'-\- aa'-\- a'a -j- aa'; (c) 

or regarding a, a', and a, a' each as the sum of two scalars and 
two vectors respectively, 

(Oi-f- ^2 + ai -f aa) (a\ -f a'2 -f a'l -f- a'2) = 

(«i + ^2) (a'l + ^'2) -f («i + «2) (a'l 4- ay + (a\ + a'2) 

(«!+ 02) + («! -h "2) (a'l + a'2) = 

(«i -f ai) (a'l + a'l) + (ai -f ai) (a'2 -\r a'2) -f (ag -h as) 

(a'l + a'i) + (a2-f ag) (a'a+a'a), 

since, from (c) , the factors in the expression preceding the last 

are distributive. Putting for the parentheses, which are sums 

of a scalar and a vector, the quaternion s^'rabols p^ 9, r and s, 

we have 

{p + q){r'^s)=pr'\-p8~{-qr + qs . . (103), 

or, the multiplication of quateimions is a doubly distributive 
operation. 

3. Assuming any three quaternions under the quadrinomial 
form, Article 43, «', k^j being unit vectors along three mutuall}^ 
rectangular axes, we have 

q = tv -\-xi -{-yj -f-^fc, (a) 

r = to' -f x'i -f y'j + z'k^ {b) 

s = w"-\-x'H+y''j-\-z''k. (c) 

Multiplying first (c) In' (b) and the result by (a), and then 
(&) by (a) and (c) by this result, observing the order of the fac- 
tors, it will be found that the scalar and vector parts of these 
two products are respectively equal, and therefore 

q(rs) = (qr)s (104), 

or, the associative law is true in the multiplication of quaternions* 
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53. 1. If a and p be an}' two vectors, then 
whence, Equation (55), or, comparing Equations (39), (41) 



and (80), 



(a + ^)2 = a2^2Sa^-h)S* . • • (105). 



or 



2. Similarly 

(a-)8)(a-)8) = (a-^)2 = a«-(a)8 + ^a)^-i8^ 

(a-/3)2=:a2-2Sa/3-f ;S^ . • • (106). 



3. From Equation (57), or by multiplying g = Sg-f-Vg by 

hence, from Equation (98), the equalities 

a)8./3a = gKg = (Saj8)2-(Va^)2 = (Tg)2 . (107). 



54. Applications. 

1 . In any rigM-angled triangle^ the square on the hypothenuse 
is equal to the sum of the squares on the sides. 

Let the sides, as vectors, be repre- 
sented by a and P (Fig. 40) , and the 
h^'pothenuse by y. Then 



Fig. 40. 




C 



or. Art. 41, 4, 



Squaring, Equation (105), 

/ = a24-2Sa^-h)8S 



or, as lengths simpl}-, changing signs [Equation (33)], 



2. In any right-angled triangle^ the medial to the hypothenuse. 
is one-half the hypothenuse. 
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In Fig. 40, for the medial vector cd = 8, we have (Art. 15) 

or 

28 = /3-a. 

Squaring, and since S^a = 0, 



or 



482 


= /5^ + a^ 




CD^ 

■ 


CA^-f-CB^ 

4 


_ab2 
4 


.'. CD 


AB 

2 





3. If the diagonals of a parallelogram are at right angles to 
each other ^ it is a rhombus. 

Let the vector sides be represented by a and p. Then a-\- p 

and a — p are the vector diagonals. 

By condition 

S(a + ^)(a-)8) = 0. [Art. 41,4] 

But, Equation (53), 

S(a + /?)(a-^) = a2~^2^0, 

which is true only when Ta = T^, that is when the sides are 
equal. 

4. The figure formed by joining the middle points of the sides 
of a square is itself a square. 

Let BC and ca (Fig. 40) be the sides of a square, p and q 
their middle points, and o the middle point of the side opposite 
BC. Then, with the same notation, 

PQ = ^(a-f )8), Q0 = i()8-a) ; 

.-. S(PQ • QO) = 0, 

or PQ and qo are at right angles. 

5. In any triangle^ the square of a side opposite an acute 
angle is equal to the sum of the squares of the other sides ^ less 
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or 



twice the product of the base and the line between the acute angle 
and the foot of a perpendicular from the angle opposite the base. 



Let CA = ^, CB = a, BA = y (Fig. 41). 
Then 

/82 = a2-f 2Say + /. 

Now 

2Say = - 2TaTy COS (180"- b) = 

2accosB. 
Hence 



— 6^=:— a^ — c*-j-2 ac cosB = — a^ — c^ + 2 ad, 

62 = a2 + c2-2ad. 

If B is a right angle, Say = 0, and, as in Example 1, 

62 = a2 + c2. 

« 

What does this theorem become for a side opposite an obtuse 
angle ? 

6. In any plane triangle^ to find a side in terms of the other 

two sides and their opposite angles. 

In Fig. 41, 

i8 = a + y. 
Multiplying into a 

^a = a^ + ya. 

Taking the scalars (Art. 41, 5), 



or 



S,5a = - a^ + Sya, 

ba cose =i-^a^ —ca cos (180°— b) ; 
.•. a = & cose -fc COSB. 



The above operation with a is indicated b}' saying simply, 
'' operating with x S • a," meaning that a is first introduced and 
then the scalars taken. The position of the sign X will indicate 
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how a is used. If used as a multiplier, we should write, " oper- 
ating with S . a X ." 

7. The sines of the angles^ in any plane triangle j are propor- 
tional to the opposite sides. 

In Fig. 41 

^ = a-f-y. 

Operating with x V . a, that is, as explained in the preceding 
example, multiplying into a and taking the vectors (Art. 41, 5), 



or 



V^a =y (a + y) a = Y . a^ +Yya. 

But V • a^ = ; hence 

Y/3a=Yya, 

ha sine =^ca siuB, 
sine : sins : : c: 6. 



Notice that Tj8a and Vya involve a unit vector at right angles 
to their plane, and that, owing to the order of the vector factors, 
€ has the same sign in both members of the equality, and may 
therefore be cancelled. The period in V • a^ ma}'' evidently be 
omitted, as in V/3a ; it will be used hereafter onl}^ to avoid am- 
biguit}'. Thus ILqr means the conjugate of qr ; but Kg . r is r 
multiplied by the conjugate of q, 

8. In a right-angled triangle^ to find the sine and cosine of the 
acute angles. 

Let AB = y, AC = /8, EC = a (Fig. 42) . Fig. 42. 

Then 

whence 

Taking the scalars, since S -r = 0, 




1 ^ ^ 

1 = -C0SA, or C0SA=-' 

b c 
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Fig. 42. 



Taking the vectors 




- sm A sin c = ; 

b b 



a 
.'. smA = -' 

c 



In this example UV^ = — UT ^. 

9. To find the sine and cosine of the sum of two angles. 
Let a, p^ y be complanar unit vectors (Fig. 43), and c a unit 
vector perpendicular to their plane. We have 

7_ y ^ 



a f3 a 



Fig. 43. 



in which 




Hence 



^ = cos(<^ H- 0) + €8in(<t>-hO), 
-^ = cos </) -|- e sin </>, 



If 

- = cos^ -4-€sin^. 

a 



cos(<^ + tf) -h € sin (<l>-\-0) = (cos </> -h c sin <^) (cos 0-\-€ sinO) 
— cos<t> co8^ + €(sin<j!) cos^ -\-cos<l> sin^)-f- c^sin^ sin<^. 

Equating the scalar and vector parts in succession, there re- 
sults, since c^ = — 1, 

cos(</> + ^)= cos</> cos^ — sin <l> sin^, 
sin (</) -f ^) = sin <l> cosO + cos </> sin^. 

10. To find the sine and cosine of the difference of two angles. 
Let the angle between y and a (Fig. 43) be i/r. Then 

y - a ' y' 
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in which 



p 



- = cos(i/r r-6) — €sin(}l/ — 6) , 



7 

a 
a 

7 



cos^H-€sin^, 
cosi/^ — €siru/^, 



and, as in the preceding example, 

cos(j/r — 0) = cosO cos i/^ + sin^ sin i/r, 
sin (^if/ — $) = cosO sin ij/ — sinO cosj/r. 

11. 7/" a straight line intersect two other straight lines so as to 
make the alternate angles equals the tivo lilies are paralleL 

Let a and y (Fig. 44) be unit vectors along ab and cd, and 
/? a unit vector along ac. Then 



whence 



a/3 = — cos^ -+- €sin^, 
Py = — cosO — €sin^ ; 

a/8 - /8y = 2 Va/?, 



Fig. 44. 



and therefore. Equation (56), y = a. 

If a = abJ then 

a^ = cosO — €sin^, 

fiyz=z — cosO — €sin^, 

a^-^y=2Sa^; 




= — a. 



[Eq. (55)] 



12. If a parallelogram be described on the diagonals of any 
parallelogram^ the area of the former is twice that of the 
latter. 

Let a and fi represent the sides as vectors ; then the diagonals 
are a-\- p and a — /?, and 

V(a + /?) (a - P) =Y(l3a - a/?) = 2 V^a, 






since Va* =Yp^ = and -Vaj8 = V)8a. 
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But, from the order of the factors, 



hence 




UV(a + /8) (a - P)=\]YI3a, 
TV(a -f- )8) (a - /?) = 2 TV/?a, 
which is the proposition (Art. 41, 7). 

13. Parallelograms on the same base and between the same 

parallels are equal. 

We have (Fig. 45) 

Fig. 45. 
^ ^ ^ ^ BE = BA + AE . 

= BA + aJBC. 



Operating with V . bo x 

y(BO . be)=V(bc . ba), 
since Va^BC^ = 0. 



bc • be sin ebc = bc . ba sin abc, 
which is also tnie when the bases are equal, but not co-incident. 

14. If ^ from any jpoint in the plane of a parallelogram ^ i^^'^'- 

pendiculars are let fall on the diag- 
onal and the two sides that contain 
it^ the product of the diagonal and 
its perpendicular is equal to the 
sum, or difference, of the jjroducts 
of the sides and their respective per- 
pendicidars, as the ijoint lies with- 
out or within the parallelogram. 

Let OA = a, OB = /?, OP = /o (Fig. 46) . 
Then 




Fig. 46. 




But 
Hence 



Tap-f-Vi3p=V(a4-/3)f). 
UVap = UVy8p= UV(a -f )8)/o. 
TVa/o + TY/3p = TY(a + P)p' 



V 
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For p' = op', we have 



UVap'= - UV/3/)'= ±UV(a + p)p'; 
.-. TVap'~TV)Sp'= TV(a + /?)/o: 



vr» 



15. ijf, on any ttvo sides of a triangle^ as ac, ab (Fig. 47), 
any two exterior parallelograms^ as acfg, adeA, be constructed^ 
and the sides ed, gf, produced to meet in h, then will the sum of 
the areas of the parallelograms he equal to that whose sides are 
equal and XHiraXlel to cb and ah. 

Let AE = a, AB = /?, AC = y 
and AG = 8. Then 

AH = AE -t- EH 
= a — xp. 



Operating with X V . )8 

V(AH.iff)=Va^. (a) /-: -^ 




We have also 



Operating with X V . y 



AH = AG -h GH 

= 8 - yy. 
V(ah .y)=V8y. 



(&) 



Hence, from (a) and (6), 



VAH(y3 - y) = Va/? - V8y, 
V(ah . CB)=Va^-y8y = Va^+Vy8. 



These vectors have a common versor ; whence the proposition. 
If one of the parallelogi-ams, as ad', be interior, then ae'= — a 
and ah'= — a — x'|3 = 8 -f ^y? and 






y(AH'./?) 

V(An'.y) 

VAH'(/8-y) 



T8y; 

-Ya^ -T8y = V)8a - V8y. 



kS 
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But in this case 

UV(ah' . cb) = - UV/8a = - UV8y, 

and the area of the parallelogram on ah', cb, is the area of ap 
minus the area of adI 



16. 



To find the angle betioeen the diagonals of a jmrallelogram. 

Let AD = BC = a (Fig. 48), 
Fig. 48. and BA = CD = ^, d and d' being 

D the tensoi-s of the diagonals. 
Then 




Taking the scalars 



AC . DB = - (a - /8) (a + ^) 

2 \ap + /3K 



„2 



— a — 






cos DOC . dd'=a^ — l^. 



Taking the vectors 



sin DOC . dd'=2abBm$, 



since UV(ac . db) = — UVa^. 

/. tan DOC = — tan <l> = 



2a&sin^ 
a:'-b'' 



17. TJie sum of the squares on the diagonals of a parallelo- 
gram equals the sum of the squares on the sides. 
In Fig. 48 

Bd2 = (a + ;8)2 = a2 -f 2 Safi -^fi^, 
CA2 = (;8-a)2 = /32_2Sa^-f a^• 
.-. CA2 + BD2=2a2 + 2^, 



or 



Bd2 + Ca2 = Ba2 + AD^ + DC^ + CB^ 



18. Tlie sum of the squares of the diagonals of any quadri- 
lateral is twice the sum of the squares of the lines joining the 
middle points of the opposite sides. 
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Let AB = a, AD = ^, DC = y (Fig. 49) . For the squares of 
the diagonals, we have 



()8 + y)' + ()8-a)', 

and for the bisectmg lines 

Whence the proposition readily follows. 




19. TJie sum of the squares of the sides of any quadrilateral 
exceeds the sum of the squares on the diagonals by four times the 
square of the line joining the middle points of the diagonals. 

Let AB = a, AC = )8, AD = y 

(Fig. 50). The squares of the Fig. so. 

sides as vectors are d 



a'^{P-ay-\-{y-^py + y\ 



or 




2(a* + iS2"f /)- 2S/?a - 2Sy^. 

The squares of the diagonals are 



or 



/5^^-(y-a)^ 

/8« + / + a2-2Sya. 

The former sum exceeds the latter by 



or by 



a' -f )82 -f / - 2S)8a - 2Sy)S + 2Sya, 
(a-)S-fy)S 



which may be put under the form 



(^-f)' 



92 



QUATERNIONS. 



But ^—lJ. = AO, and — ^ = sa. Substituting these values, 



we obtain 



4(ao -|- sa)^, or 4so^ 



which is also true of the vector lengths. 

20. In any quadrilateral^ if the lines joining the middle points 
of opposite sides are at right angles, the diagonals are equal. 
With the notation of Fig. 49, we have 

FE . «ll = [i(y — a)+^]|^(a+y). 

But, by condition, 



Whence 



AC^ = BD^, 



or 



Fig. 51. 



or 



or 



AC = BD. 

21. In any quadrilateral prism, the 
sum of the squares of the edges exceeds 
the sum of the squares of the diagonals 
by eight times the square of the line 
joining the points of intersection of the 
two pairs of diagonals. 

Let OA = a, OB = P, OC = y, OD = 8 

(Fig. 51). For the sum of the 
squares of the edges we have 



2[a2 + ^ + (8-a)2+2y2+(S-/5)2], 

2[2a2 + 2^2 _^ 2/ + 282 - 2SSa __ 2SS/8]. (a) 

The sum of the squares of the diagonals is 

2(a'' + )8» + 8'' + 2/-2Sa^). (6) 
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The vectors to the intersections of the diagonals are 

i(8 + y) and ^(y + a + )8), 
and the vector joining these points is 

Squaring and multiplying by eight, we have 

2[a2 + )S2 4.s2^2Sa/8-2Sa8-2S)8S], 
which added to (5) gives (a) . 

22. In any tetraedron^ if two pairs of opposite edges are at 
right angles^ respectively^ the third ptair will he at right angles. 

Let OA = a, OB = )3, oc = y (Fig. 52) . 
The conditions give 

Sa(^-y) = 0, 
S^(a-y) = 0. 

Subtracting the first of these equa- 
tions from the second o 

Sy(a-)3) = 0, 

which is the proposition. 

23. To find the relations between the edges^ angles and plane 
areas of a tetroedron. 

With the notation of Fig. 52, we have 

CA . CB = (a-y)(^ — y), 

or 

CA . CB = aj8 — ay — y^ + y^ (a) 

Representing the tensors of ca and cb by m and n, and taking 
the scalars of (a), 

S(CA . cb) = Sa^ - Say - Sy^S + /, 

whence 

<?—ac cos Aoc — he cos boo = mn cos acb — ah cos aob, 
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which is the relation between the edges and their included 
angles. 

Taking the vectors of (a) , and squaring, 



. } ^^> 



[y(CA . Cb)]2 = (Ta/8)* -Ta^Vay - Va)5Vyj8 -JayYa/3 

-f {Yayy + VayVy/J -JyfiJafi + Vy^SVay + (Vy^)2 

But 

- (Vaj8Vy)8 + Vy/3yaj8) = - 2 S • Ya/SYyiS (Eq. 55) 

= 2TVa)8TVy/3 COSB, 

in which b is the angle between the planes aob, boc. 
Also 

- (Ya)8Yay + YayYa)8) = - 2 S • Ya)8Yay = 2 TYa^Yay COS A, 
and 



Fig. 62. 




YayYy)8 + Yy/3Yay = 2 S . YayYy)8 = - 2 TYayTYy^COS (180°- c) 

= 2TVayTVy)3cosc, 

4 

c in which a, b and c are the angles 

opposite the edges bc, ac and ab re- 
spectively. Hence (b) becomes 

- [TY(CA . Cb)]2= - (TYa/3)2- (TYay)2 

-{TJyPf 
H- 2TYa)8TYay COSA+ 2TYa/3TYy)8 COSB 
+ 2TYayTYy/8cosc. 

But (Art. 41, 7th) 

TV(CA • cb) = 2 area acb, 

and similarl3'»for the others. Hence, dividing by —4, 

(areaABc)^= (area aob)^ ■+- (area aoc)^ -f (area boc)^ — 

2 area aob area aoc cos a — 2 area aob area boc cos b — 
2areaAOC area boc cose, 

which is the relation between the plane faces and their included 
angles. 
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If the angles are right angles, then 

(area abc)^ = (area aob)^ + (area aoc)^ + (area boc)1 



24. To inscribe a circle in a given triangle 
Let a, fi, y (Fig. 53) be unit vec- 
tors along the sides. Then, Art. 16, 



Fig. 53. 



the angle-bisectors are 



Now 



«(a-^). 




^{p-\-y) = cy-y(y + a) 



Operating with V • (y + a) X 



x = 



cYay 



Hence 



Vyj8-f-Va^-FVay 



AO = OJ (/? -f y) = - 



cVay 



Vyi8+Va/?+Vay 



()S+y)» 



or, since a, y3, y are unit vectors, 



AO = 



csinB 



sin A -|- sin B + sinc 



r-(P-hy). 



Squaring, to find the length of ao, we have, since (^ + y) 
2(1 + cos a). 



2 



^ xo'= - 



AO = 



c sm B 



sin A -I- sin b 4- sui c 



2 (1 + cosa), 



c sm b 



sin A + sin B -hsinc 
c sin B 



; — V2(l+cosX), 



sinA + sinB-fsinc 



2 cos ^ A. 



25. If tangents be draivn at the veHices of a triangle inscribed 
in a circle, their intersections tvith the opposite sides of the triangle 
will lie in a straight line. 
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Let o be the center of the circle (Fig. 54) whose radius is r, 
and OA = a, OB = ^, oc = y. Since oa and ap are at right 

angles, 

S(oA . ap) = 0. 

But 

AP = AB 4- BP = AB -h yBc = )3 — a -f" y(y — P) ; 



Fig. 54. hence, substituting this value above, 




and 



S.[^-aH-y(y-)3)]=0, 
Sa2 = Sa/?-f ?/S(ay-a^), 



Say — Sa/3 



OP=OB+BP = ^ + l/BC = /3-^-±-^(y-/3) 

»ay — hap 

Say-Sa/8 
Similarly, or, b}^ a C3'clic change of vectors, 

OQ- (^ + Sag)7-0'^+Si8y)a 

Say3 - S^Sy ' 

0I,_ (>-^ + H)gy)a-(7'---fSay)ig 

S/?y - Say 
Whence 

(Say - Sa^5)0P +*(Sa^ - S/gy)oQ + (S/3y - Say) OK = 0. 
But also 

(Say - Sa^) + (Sa/? - S^y) + (S^Sy - Say) = 0. 
Hence p, q and r are collinear. 

26. The sum of the angles of a triangle is two right angles. 
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Let a, )3, y be unit vectors along bc, ca and ab (Fig. 55). 
Then (Art. 42) 






But 



20 
= € 

7 

a 

2d 




a y )3 , H 29 l± 2 0^) 

y ^ a 



Hence -(<^ + ^ + 1/^) = an even multiple of 2 (Art. 42) , as 2 m, 

as we go round the triangle n times. 

In taking the arithmetical sum, or passing once round, we 
take the first even multiple of 2, or 

?(<^-f(9 + ;/r) = 4; 

and the sum of the interior angles is 3 tt — 2 tt = tt, or two right 
angles. 

27. The angles at the base of an isosceles triangle are equal to 
each other. 

Let a and /? (Fig. 56) be the vector sides ^^s- ^e. 

of the triangle, and Ta = T/?. Then, if the 
proposition be true, 

^ —XT Pl^ 



K 



or 






which is true, since Ta = T^. 
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28. To find a point on the base of a triangle such that^ if lines 
be drawn through it parallel to and limited by the sides^ they will 

be equal, 

Fig. 67. Draw DE (Fig. 57) and df parallel to 

Bi ^ 7C the sides. From similar triangles, if 

AE = «AC, 




AE _^ BF _ BA — AF 
"" AC ~ BA^ "~ BA 



whence 



Now 



l-x 



AF 



1^ 
AD = \F + FD, 



or, since fd = ae, 



= (1 — a;)AB -hii^AC. 



But, since fd is to be equal to ed, 



and therefore 



(1 — a;)TAB = ofTAC = y ; 
.-. (1 — x)TabUab = ?/Uab, 
a:TAcUAC = 2/UAC, 

AD = y(UAB-|-UAC), 



and D is on the angle-bisector. 

29. If any line be drawn through the middle point of a line' 

joining two parallels^ it is bisected at that 
point. 

30. In any right-angled triangle abc 
(Fig. 58) , the lilies bk, cf, al meet in a 
point, 

31. In any triangle the sum of the 
squares of the lines gh, ke, df (Fig. 58) 
is three times the sum of the squares of the 
sides of the triangle. 

32. Tlie sum of the aiigles about two right lines which intersect 
is four right angles. 
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33. If the sides of any polygon he produced so as to form 
one angle at each vertex^ the sum of the angles is four right 
angles. 

34. Find the eight roots of unity (Art. 39). 

35. The square of the medial to any side of a triangle is one- 
half the sum of the squares of the sides tvhich contain it, minus 
one-fourth the square of the third side. 

66. Product of "two or more Vectors. 
1 . Let q = a/J, r = y . Then, since Hqr = Hrq, 

Let q = ya, r = fi. Then 

Sg?- = ^rq = Sya/3 = S^ya ; 
.-. Say3y = S/5ya = Sya)8 (108), 

or, the scalar of the product of three vectors is the same if the 
cyclical order is not changed. 

This ma}* also be shown b}' means of the associative law of 
vector multiplication as follows : 

aj8y = (a/?)y = (Sa^ + Va/3)y. 



Taking the scalars 



Saj8y=S(Sa/?-|-ya/3)y 

= H(\a/3 . y), since S(SayS . y) = 0, 
= S . yYa^ ; 



introducing the term S • ySa/S = 0, 



= S • yYayS + S . ySa^ 
= S.y(Sa)3+Va/3) 
= Sy(aj8) = Sya^. 
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In a similar manner sr 

Sa^y = S.a(S/?y+y)8y) J 

= S . oYpy I 

= S(V)8y .a) . . 

= S(y)8yH-Sy3y)a 
= S^ya, 



and, as before, 
2. Again 



Sa)8y = SjSya = Sya)8. 









Sa)8y=S. a(S)8y+V;8y) | 

= S • aY/3y 
= - S . aVy/8 
= -Sa(Vy/3-hSy;8); 
.-. Sa/3y = - Say/3 (109), 

or, o change in the cyclical order of three vectors changes the sign 
of the scalar of their product, 

3. Resuming 

a/3y = a(;8y) 

and taking the vectors, 

Va/8y = V,a(S/3y+TjSy) 

= aSjSy +V . aV/8y. 
Also 

Vy/3a = V(Sy/3+Vy/3)a 

= V.aSy)3-V,aVy/3 

= y.aSy/3+V.aV/3y 

= V.a(SyyS + VySy) 

= aS^y + V.aVy3y; 

.-. Va/8y=VyySa (110), 

or, ^/ie recto?* of the product of three vectors is the same as the 
vector of their p)roduct in inverted order, 

4. Geometrical interpretation of Sa^y. 

Let a, jS, y be unit vectors along the three adjacent edges oa, 
OH, oc (Fig. 59) of any parallelopiped, $ being the angle be- 



I 
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tween a and ^, and ^' the angle made by y with the plane aob. 
Then 

afi = — cosO -f- € sin^, 

€ being a vector perpendicular to the plane aob. 
Operating with x S . y 



Sa)3y = S(-cos^H-csin6))y 
= S(sin^ . cy). 

, But Scy = — cos of the angle 
between c and y = — s'mO' ; 

.*. Sa)8y = — sin (9 sin 0', 



Fig. 59. 



o 








Now, if a, /S, y represent as vectors the edges oa, ob, oc, 
whose lengths are a, 6, c, 

Sa/3y = — TaT^OTy sin $ sin ^' 
= — rt^csin^sin^' 




But «6sin^ = area of the parallelogram whose sides are a and 
&, and csin^' = perpendicular from c on the plane aob. Hence 

— Sa)8y = voluvie of a pa7rdlelopiped ivJiose edges are 
a, h and c, drawn parallel to a, ^ and y. 

Cor. 1. Whatever the order of the vectors, the volume is the 
same ; hence, as already- shown, 

± Sa/8y = ± S)8ya = ± Sya)3 = :F Say^, etc. 

Cor, 2. If Sa)3y = 0, neither a, p jov y being zero, then either 
^ = 0, or ^' = 0, or the vectors are complanar. 

Cor, 3. Conversel}', if a, y3, y are complanar, SaySy = 0. 

Cor. 4. The volume of the triangular p3Tamid of which the 
edges are oc, ob, oa, is — J Sa^Sy. 

5. We have seen that when a, /3 and y are complanar, Sa/?y=0, 
and therefore a/3y is a vector. To find this vector, suppose a 



/ . 



v 



■ I 



,* » 
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triangle constructed whose sides ab, bc, ca have the directions 
of a, p and y respectively^ a vector not being changed by motion 
parallel to itself. Since the tensor of the vector sought is the prod- 
uct of the tensors of a, p and y, we have to find U(ab • bc • ca) , 
I.e., its direction. Circumscribe on the triangle abc a circle and 
draw a tangent at a, represented by t'at. Since the angles tab 
and bca are equal, we have 



CA at' L at J 



whence 

U(bc • ca) = U(ab • at') [= U(ba . at)]. 

Introducing Uab x 

U(aB . BC • ca) = U(aB • AB • at') [ = U(aB • BA • AT)], 

or, since U(ab . ba) = — (U . ab)^=1, 

U(aB • BC • ca) = — U . at' = U . AT. 

Hence, if a, b, c are an}' three non-collinear points in a plane, 
or if a, /?, y are the sides of a triangle joining them, in order 
(in either du'ection, since Va^Sy = Vy/8a) , 

a^y, ^ya, ya^ 

are the vector tangents to the circumscribing circle at the angles 
of the triangle. 

Again, if a, b, c are any three points in a plane, not in a 
straight line, and a and p are two vectors along the two succes- 
sive sides AB, BC of the triangle which they determine, and cd a 
vector drawn from c parallel to y, intersecting the circumscribed 
circle at d, then is da parallel to Va^Sy = 3. For 

8 = a|8y = a^By = a^jS'^y = - {T^fa^-^y = - (T^)^|y, 

whence U • ^^^, which turns p parallel to — a, turns y into a 

direction 8 = da, the opposite angles of an inscribed quadrilateral 
being supplementary'. 
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If y have a direction such that cd crosses ab, or the quadri- 
lateral is a crossed one, it is evident on construction of the 

figure that ', , ^ 

^ U8'= Ua^y = U(ad) = - VS. 

Hence the continued product of the three successive vector 

sides of a quadrilateral inscribed in a circle is parallel to the 

fourth side, its direction being towards or from the initial point 

as the quadrilateral is uncrossed or crossed ; and, conversely, no 

plane quadrilateral can satisfy the above formula ± U3 = Ua)3y, 

unless A, B, c and d are con-circular. The continued product 

of the four successive sides of an inscribed quadrilateral is a 

scalar, for ^ , . ^ 

a^yS = (a/3y)8 = ± 8^ = q: d'. 

Since the product of two vectors is a quaternion whose axis is 
perpendicular to their plane, while the product of a quaternion 
by a vector perpendicular to its axis is another vector perpen- 
dicular to its axis, and so on, it follows that the continued 
product of any even number of complanar vectors is generally a 
quaternion whose axis is perpendicular to their plane, while the 
product of any odd number of complanar vectors is a vector in 
the same plane. Hence the formulae 

Sa=0, Sa)3y = 0, Sa^ySo-=0, etc., 

for complanar vectors. 

If, however, the given vectors are parallel to the sides of a 
polygon ABG MN inscribed in a circle, then 

U(aB . BC . CD MN . NA)= U(aB . BC . CA) U(aC • CD • DA) 

X U(aM . MN • Na). 

But each of the products U(ab • bc • ca) is equal to U • at, 
AT being the tangent to the circle at a. Hence 

U(aB . bc . CD MN • na) = (U . at)", 

which reduces, according as n is even or odd, to ±1 or ±U . at. 
Hence the product of the vectors will be a scalar or a vector 



104 QUATERNIONS. 

according as their number is even or odd, and in the latter case 
this vector is parallel to the tangent at a. 

If the vectors are not complanar, but parallel to the successive 
sides of a gauche pol^'gon inscribed in a sphere, the polygon 
ma}' be divided as above into triangles, for each of which the 
product of the three successive sides is a vector tangent to the 
circumscribing circle, all these vectors Ijing in the tangent plane 
to the sphere at the initial point. If the number of sides is even, 
their product will be a quaternion whose axis is perpendicular to 
the tangent plane, i.e., lies in the direction of the radius of the 
sphere to the initial point ; if odd, the product is a vector in the 
tangent plane. 

Hence, if a, b, c and d are four given points, not in a plane, 
AB = a, BC = )3, CD = y being given vectors, and p any other 
point such that dp = or, pa = /o, if p lies on the surface of a 
sphere through the four given points, we have the necessary' and 
sufficient condition 

aPycrp = ^cry/Sa, 

for each member is equal to minus the conjugate of the other, 
and must therefore (Art. 46) be a vector. 

6. From Equation (56) , 

/Sy^y^=2V/?y. 

Operating with T . o x 

2y. aYySy = Y.a(^y-y/?). 

Introducing in the second member /Say — )8ay, 

= V (a/?y - ay^ 4- )8ay - )3ay) 
= V(a^ + ^a)y - V(ayyS + ya)S) 
= V. 2(SayS)y-.V(ay + ya))8 
= 2 ySa/8 - 2 ySSay . 

Hence 

V . aV/3y = ySa/3 - ^SSay .... (111). 



GEOMETRIC MULTIPLICATION AND DIVISION. 105 

This formula may bie extended. Thus, for a write Va8, and 

we have 

V . YaSTi^y = yS(ya8)i8 - P^(YaS)y, 

V . TaST^y = ySoSyS - )8Sa8y . . . . (112). 

An inspection of this formula shows that it gives a vector 
complanar with y and /3. Moreover, since 

T . TaSY^Sy = Y • YyjSYo^ = 8Sy)8a - aSy)8S, 

it is also complanar with a and 8, and is, therefore, parallel to 
the line of intersection of the planes of a, 8, and )3, y. 
Similarly 

Y • Y/3yYa3 = 8S/?ya - aS^yS = - Y . YaSY^y . (113). 

Adding Equations (112) and (113) 

8S^ya - aS)8y8 + ySa8/3 - /?SaSy = . . (114), 
or 

8Sa)8y = aS/3y8 - iSSayS + ySa)8S . . . (115), 

a formula expressing a vector 8 in terms of any three given di- 
planar vectors, a, )S, y ; so that, if 

S)8y8 = 6, -- Say8 = SyaS = C, Sa)8S = a, Sa)8y = m, 

8 = m-\6a + c^ + ay). 

7. Resuming Equation (111), and adding aS/3y to both mem- 

bers 

' Y . aY)8y + aS/3y = ySa/3 - )8Say + aS)8y, 

whence 

Y . a(S^y -h Y)8y) = 

Ta/3y = aS/3y -- )8Say + ySa)8 . . . . (116). 

The form of this equation shows that a and y may be inter- 
changed, or that Yafiy = Yy)8a, as alread}^ shown. 
Again, replacing a b}" Ya^ in Equation (111), 

Y . Ya/3Y)8y = yS(Ya)8)/S - i8S(Ya/3)y, 
or 

Y . Ya/3Y)3y = - iSSa^y (117). 



•>*^ 
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8. Writing Yy&afi first as T(y . Bafi) , and then as V(y8 . a/&) , 

we have 

V(y . 8a^) = V • y(S8a/3 -|- V8a)&) 

= ySSa)8-fY.yV8a)8 

[Equation (116)] = ySa/38 +Vy8Sa)8 -TyaS3)8 -f VyjSSSa. (a) 

V(y3 . aj8) = V(Sy8 +Vy8) (Sa)8 + Va/8) 

= YySSa/S + Va)8Sy8 +V . YySVa/S 

= VySSa^ -|-ya)8Sy8 -T . Ta)8Vy8, 
or, Equation (112), 

= yy8Sa)8 + Va/3Sy8 - 8Sa)3y-f ySa^gS. (6) 

Equating (a) and (6), 

SSa^y = T^ySaS + VyaS)88 + Va/?Sy8 . . (118), 

a formula expressing a vector 8 in terms of three other.vectors 
resulting from their products taken two and two ; so that, if 
Saj8y = m, SaS = a, S)88 = 6, Sy8 = c, 

8 = m-\aY^y + ^''^y^ + c^«/^) • 
Operating on Equation (118) with S . p X , we obtain, since 

S • pVya = Spya, 

S,98Sa/3y - S/88S/)ya - SaS^p/Sy - Sy8Spa)S = 0, 

or 

Sa8Sp/3y - S/38Sypa + Sy8S/t)a/3 - Sp8Saj8y = . (119), 

a formula eliminating 8. 

56. Exercises. 

Prove the following relations : 

-1. Sa/3y8 = SSaySy. 

' 2. aft . /3y=: — ay, 

'3. a^^=a/3 .pa. 

'4. S . Va^Yjgy = S . a)3T)8y (120). 

'5. Sa^y8 = Sa/3Sy8 - SayS^S + Sa8S/J/ (121), 

from which show that Saj8y8 = S)3y8a. 
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- '6. S . Va)8Vy8 = Sa8S/8y - SayS)83 ...:... (122). 

^7. S(a-|-^)(^ + y)(y + a) = 2Sa/8y. 

-8. aj8y + y)8a = 2 Va^y. 

^9. a)8y - y)Sa = 2 Sa^y. 

: -10. V(aV^y-f /8Vya + yVa/?) = (123). 

; 11. Va^y + Vya/? = 2ySa/3. 

^2. aV)8y + ^Vya + y Va^ = 3 Sa^y. 

^^ 13. S. Va^V/3yVya = -(Sa)8y)2. 

14. S . y V^a = y/?a - yS/3a + )8Sya ~ aS)8y . . . (124). 

: 15. S . V(Va;8V/3y) V(V/8yVya) V(VyaVa)8) = - (Sa/?y)*. 

16. S [ Va)8Vy8 + VayV8/? + Va8V^y] = .... (125). 

17. If SajSy = m, Sa/5 = 0, S/8p = 0, Syp = 0, show that p = 0. 

Conversely, if p is not zero, then Sa^y = 0. 

18. Interpret p = a~^^a. 

We have first, directly, 

Tp = T)8, 

.'. p, a and fi are complanar. 

Sap = Saa-^^Sa = S/?a, 
— TpTa COS ^ = — TaT^ COS <^, 

or, since Tp = T)3, costf = cos</>. 

Similar!}' Vap = V^a, and sin^ = sin <^. Hence 

$ = <!>, 
and a bisects the angle between p and p. 

^19. Show that p = a/Sa-^ = a"^ (Sa/? - Ta/3) . 

'20. p being any vector, show that V • VapTp^ = xp, ' 

> 21. If Sa)8 = — a^, show that a is perpendicular to ^ — a. 

'22. What are the relative directions of a and iS, if K- = ? 

B 3 ^ a a 

If K^ = "? 
a a 
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57. Examples. 

1. The altitudes of a triangle intersect in a point. 

Let (Fig. 60) ac = /8, cb = a, ab = y. 
Fig. 60. Then vectors along c'c, b'b and a'a are 

c 




€y» — €/?. — 



ca 



respectively. Now 



y G' 



B or 



AO = AC -f- CO = AB -f- BO, 

/J — iCey = y + yc/?. 



Operating with x S • )3, we have, since y8€)S^ = 0, 

Having assumed o to be the intereection of the altitudes bb' 
and ccj let o' be the intersection of a a' and cc: Tlien 



AO' = AC -h co| 



or 



«€a = ^ — x*ty. 



Operating with x S . a 



a?' = 



Scya Sacy 



S(y-/3)€y -S)8ey 



Scy^ 

Hence o and o' coincide, and 



.0.^+^.,. 
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2. To circumscribe a circle about a triangle. 

Let (Fig. 61) AC = )8, cb = a, ab = y. 
Then fife'- 6i. 

a'o = — aJca, c 

b'o = — 2;r/?. 

B' 

Operating with X S . ^ on the expres- 
sion 

AO = iy + yey = i^ - 2Je/?, ^ 

we have 

^ 2 Sey)8 

Operating with x S . a on 

bo' = — iy H- yUy = — ^a — xUa, 
we have 

^ 2 Seya 2 Sey/? 

Therefore y = y' and o and o' coincide. 
The radius ma}' be found b}' squaring 

AO = ^ y -|- Vcy = iy ^ ey. 

whence 

— 2 ^ cVft^cos^c 

4 46Vsin^A 

since, if a, ft, c are the tensors of a, )8, y, 

4=""r 

^^^^ 462c2sin2A 

Hence 

Vc^ sin^ A + «^ cos^ a 



R = 



2 sin A 2 sin A 
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3. In any trianyle^ the centre of the circumscribed circle^ the 
intersection of the altitudes and the intersection of the medials lie 
in the same straight line; and the distance between the last two 
points is tivO'thirds of the distanxie between the first tico. 

Let M (Fig. 62) he the intersection of 
^*»-^'-- the medials, a' that of the altitudes, and 

c the center of the circle. 

Then, from Ex. 5, Art. 11, where cp 
(Fig. 1 1 ) is given in terms of the adjacent 
sides, we have 

From Ex. 1, Art. 57, 




AA' = 



r 



From Ex. 2, Art. 57, 



AC 






^U..-M. 



= Hy 



But 



and 



S:-,v8 



7)- 



CM = AM — AC = 



ma' = aa'— am 






.'. ma' = 2cm, 

and, since, as vectors, they are multiples of each other, and have 
a common point, the}' form one and the same straight line. 

4. To find the condition tliat the perpendiculars from the angles 
of a tetraedron to the opposite faces shall intersect. 

With the notation of Fig, 52, the perpendiculars from a and \\ 
on the opposite faces are 

V^y and Vya. 

If the}' intersect, at p sa}', then must a, b, p lie in one plane. 
Hence, Art. 55, 4, Cor. 3, 



S[(;8-a)V/3yVya]=0, 
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or 

S (/8 - a) [S . V/3yVya + V . V^yVya] = 0, 

S(/3-a)V. V)8yVya = 0. 

Fig. 52 ibis). 

But, Equation (117), c 

V . V^yVya = - yS/3ya ; // \ 

.-. -(S/8y-Say)S)gya=0, /' / \ 

or / / \ 

S^y = Say. (a) o4 4 >7i---->B 

From the figure, we have ^XL^'^'^^ 

Bc2 + OA2 = (y-/?)2 + a2 

or, from (a), =/-2Say ^/J' + a^ 

= (y-a)2 + ^^ 
= AC^ + OB^. 

Hence the condition is that the sums of the squares of each jxdr 
of opposite edges shall be the same. 

5. Interpret Equation (118), 

8Sa)8y = V/8ySaS + VyaS)8S + Va)8Sy8, 

under the condition that a, /S, y be complanar with 8. 

If tt, jS, y are complanar, Sa^y = 0, and therefore, 8 being in 
or out of the plane, 

Sa8V)8y + S/?3Vya + Sy8Va)8 == 0. (a) 

If 8 be in the plane, we have for any four co-initial lines 

OA, OB, CO, OD, 

sin Boc cos AOD -|- sincoA cos bod + sin aob cos cod = 0, 

and, for a line perpendicular to od, 

sin boc sin add + sincoA sin bod + sin aob sin cod = 0. 

If 8 is perpendicular to the plane, the terms in (a) vanish 
separately. 
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(). If X^ Y^ Z be the angles made by any line op tvith three 
rectangular axes^ then 

cos^ X + cos^ Y + cos2 j^^i 



From Equation (67) 



whence 



ip = xi^ + yij + zik =z -^ X -{- yk " zj, 
(St»2 = a:2. 



Operating in a similar manner with S .j X and S « A* X we obtain 

~p^ = (S/p)^ + (S;>r + (SA-;.)^ 



If Tp = r, then p^ = — 7*^, Sip = — r cos X, etc. Hence 



or 



op2 = op2 (cos2 X + cos^ Y 4- cos^ Z) , 
cos2X + cos2r4-cos2Z= 1. 



Fig. 63. 



Applications to Spherical Trifironometry. 

Let ABC (Fig. 63) be any spherical triangle on the surface of 

a unit sphere whose center is o ; a, )3, y 
being unit vectors from o to the vertices. 
The sides ab, bc, ca represent versors 
whose angles are c, a, &, and axes are 

..B/ ^^' = 7! oA' = a; ob' = ^'; a; p\ y 

being unit vectors to the vertices of the 
polar triangle whose sides are a\ b', c', 
the supplements of the opposite angles 
A, B, c of the triangle abc. 




7. We have first 



y « y 



(«) 
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Taking the scalai*s, we have [Equation (90)], 



But 



and 



(^ 13 a 3 a 

y a y ** 7 

S- = eosa, 8- = cose, S- = eos&, 
y a 7 

3 a 
S . V-T- = S(sinc . /)(sin6 . )8') 

a y 

= sincsint Sy'/3' 

= — sine sin 6 cos a' 

= sine sin 6 cos a. 
Hence, in (a), 

cos a = cos c cos b -f sin e sin b cos a. 
By a cyclic permutation of tlie letters in (a), we obtain 

a p o. 
Whence, as before 

a ji a pa 

or 

cos6 = cost! cose -f- sin« sine Sa'y', 

in which Sa'y' = — cos 6' = cos b. 

. • . cos b = cos a cos e + sin a sin e cos b. (c) 

Similarl}', or directly- by cyclic permutation in (c) , 

cos c = cos b cos a + sin & sin a cos c. 

From the relation 

/?' /3' a' 



(^) 



y a' 7 

may be deduced in like manner 

— cos A = cose cosB — sinc siuB cosa. 
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8. Resuming the equation 

y ay 

of the last example, and taking the vectors, we have [Equa- 
tion (91)], 



But 



y ay y a ay 

- = — a sma, 

y 

^ a 
S- V- = cosc(^'sin6)=coscsin6 . /?5 

a p 
S-V- = cos&(y'sinc) = cos6sinc • yj 

V . V-V- = V(y'sinc)(j8'sin6)=8incsin&Vy')8 



lOi 



a y 

= sine sin?>(— asina') = — sin c sin ?> sin a • a. 

Substituting in (a) , 
—sina • a'=eosc sin6 • ^S' + cosdsinc .y'— sine sin 6 sin a .a. (6) 

Operating with X S • y'~\ 
— sina • S-i = coscsinftS^+cosdsincS— , — sincsin5sinAS-i5 

y y y y 

in which 

S — , = cos 6' = — cos B, 

y 

S — = — cos A, 

y 



a 



S -, = 0, since a and y' are at right angles. 

Hence 

sin a cos b = cos h sin c — cos c sin h cos a, 
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and in the same manner, or by a cyclic permutation of the letters, 

sin b cos c = cos c sin a — cos a sin c cos b, 
sin c cos A = cos a sin b — cos b sin a cos c. 

9. Operating oi^ Equation (b) of the last example with 
X V . y'-^ instead of X S . y'-^ 



a 



— sinaV — 
7 

But 



a 



v^. 



= cos c sin 6 V — , -h cos 6 sin c V — , — sin c sin b sin a V— • 



= )8sin6' = )8sinB, 



= — a sm a = — a sm A, 



Fig. as. 



T^=0, 



^9^^y^ 




Substituting these values 

— sinasinB •/? = — coscsin&sinA .a — sincsinfe sin a • /^! 



Dividing by a, and substituting for 



we obtain 



- = cos c -h 7' sin c and for — = y! 

a ' a " 



or 



— sina sinB cose — sin« sinB sine .y' = — cose sin&sinA 

— sine sin 6 sin a • yl 

Equating the scalar or vector parts, we have in either case 

sina sinB = sin a sin&, 

sina : sin& : : sinA : sinB. 



The formulae of the preceding examples have all been deduced 

from the equation - = The product as well as the quotient 

may also be employed, as follows : 
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10. Assuming the vector product 
and taking the vector part, we have [Equation (117)], 



But 



V . Va/8V/3y = - /8Sa)8y. (a) 

V • Va^V)9y = V (y' sin c) (o' sin a ) = sin c sin<i sin b • /5, 



and. Art. 55, 4, 



Sa^y = — sine sin^J 



6' being the angle made b}' oc with the plane of c. Substituting 
in (a)» 

sine sin a sine • ^= sine sin^' • /?, 

Fig. 63. 




or 

sin^' = sina sinB. 

By permutation, from («), 

V . VyaVa/8 = - aSya/8 = - aSa)Sy, 

sin^ sine sin a • a = sine sin^' • a, 
.*. sin^' = sin^ sinA. 

Equating these values of sin^ we have, as in Example 9, 

sin a : sinb : : sin a : siuB. 

11. Let p„, Pj, Pc represent the arcs drawn from the vertices 
of ABC perpendicular to the opposite sides. 

Resuming Equation (a) of the preceding example, and taking 
the tensors, 

TV . Va^V/?y = SajSy = sin c sin p,, 
=z S^ya = sina sin/>a9 
= Sya/8 = sin b sinpj,, 



GEOMETRIC MULTIPLICATION AND DIVISION. 117 
and, taking the tensor of V • Va/3V)8y from the last example, 

sine sin a sinB = sin a sinj^o = sin 6 sinpj, = sine sinj?c? 
or 

sin|)« = sine sin B, 

sine sin a . 

sin jPj = r-T — 81^1 B? 

suib 

sinpc = sin a sinn. 

12. Show that if abc, a'b'c' be two tri-rectangular triangles on 
the surface of a sphere^ 

cos aa' = cos bb' cos CO ' -- cos b'c cosbc', 

the triangles being lettered in the same order. 

Let a, /8, y, a! p\ y' be the vectors to. the vertices. These 
being at right angles, in each triangle, we have 

cos aa' = - Saa' = - S . V/SyV^'y! 
or. Equation (122), 

cos aa' = S^/8'Syy' - S)8'ySy3y' 

= cosbb' coscc' — COS b'c cosbc'. 

[The vectors of Equation (122) are arbitrary, but we ma}' 

divide both members by the tensor of the product of the vectors, 

so that 

S(TUay8VUy8) = SUaSSU^y - SUaySU^S, 

for the unit sphere.] 

13. Let ABCD be a spherical quadrilateral whose sides are 
AB = a, BC = ft, CD = e, DA = d, the vectors to the poles of these 
arcs being a, p\ yj 8' respectivel}'. Then 

Va^ = a'sina, 
Vy8 = y'sinc. 
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From Equation (122), 

S . VaySTyS = Sa8S/?y ^ SayS/38, 

or 
sin a sin c Sa'y' = ( — cos da) ( — cos bc) — ( — cos db) ( — cos ac) . 

But Sa'y' = — cosL, L being the angle formed by the arcs ab 
and CD where thej' meet, the arcs being estimated in thj 
directions indicated by the order of their terminal letters. 
Hence 

siUAB sin CD COSL = COSAC COSBD — cos AD cosbc, 

« 

a formula due to Gauss. 

14. Retaining the above notation, abcd b6ing still a spherical 
quadrilateral, denote the angles at the intersections of the arcs 
ab and cd, ac and db, ad and bc, bj' l, m and n respectively. 
Then, from Equation (125), , 

S[Va)SVy8 4- VayV8;S + Va8V/Sy] = 0, 

we have identically 
sin AB sin cd cos l + sin ac sin bd cos m -|- sin ad sin bc cos n = 0. 

Were the points a, b, c, d on the same great circle, the angles 
L, M and N would be zero, and the above reduces to 

sinAB sin CD + siuAC sinBD + sin ad siuBC = 0, 

and for a line oaJ perpendicular to oa and in the same plane, 
dropping the accent, we have 

cosAB sin CD + COSAC siuBD + COS AD siu BC = 0, 

which are the results of Example 5 of this article. 
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58. General Formulae. 

1. We have ijeen, Equation (86), that SS = 2S and VS = 2V ; 
but (Art. 50, 4) that 2T is not equal to T2, nor 2U to US. We 
have also seen, Equations (96) and (97), that TII = IIT and 
Un = nU; but Sn is not equal to IIS, nor VII to HV: for, 
1st, sn is independent of the factors under the 11 sign, provided 
the product remains the same, while nS is dependent upon 
them ; and, 2d, because (Art. 55, 5) IIV is not necessarily a 
vector. 

2. Resuming P^quation (92), 

Srg = Sgr, 

and, since ?• is arbitrary-, writing rs for r, we have, by the asso- 
ciative law (Art. o2), 

^(rs)q = Sq{r8)^ 

Sr(sq) =S(sg)?*, 
.*. Hrsq = Ssqr = ^rs .... (126), 

a formula which may evidently be extended. Hence, the scalar 
of the product of any number of quaternions is the same, so long 
as the cyclical order is maintained, 

3. Let j9, g, r, s be four quaternions, such that 

qr=ps, (a) 

Operating with Kg X , -jr % 

Kq . qr = (Kg • q)r = (qKq)r = Kg . ps, 

since conjugate quaternions are commutative. Hence 

(Tg)^- = Kg./)s, 
or 

^'"^"(fgp"^-^*^^^'^g *^^ * ' * ^ ^^' 
Operating on (a) with xKr, we have 

qr . K?" = ps • Kr, 



mtm 



GEOMETRIC MULTIPLICATION AND DIVISION. 121 




This important formula might have been written at once by 
isuming the above well-known relation of Plane Trigonometr}'. 

6. From Equations (129) and (131), we may write Equa- 
on (132) under the form 

{f^y-h{TYqy = (Tqy (133), 

r, from Equation (107), - 



{^y-(Yqy = {Tqy = {^y+{T\qy . (134), 



ince €^ = — 1 . 



7. Comparing (^), (J5) and (C), 



p 



SUg = SU- = SUKg . . . (135), 



TVUg = TVU- 

and from Equations (129) and (135), 



TVUKg . . (136), 



GO 



S^ = Tg.SUg = Tg.SU- = Tg.SUKg. . (137). 

8. Since T^ = TKg, we have 

Tq.TKq = (Tqy (138), 

and Tq being a positive scalar, 

KTg = TKg (139). 

As exercises in the transformation of these and the following 
s}Tnbolical equations, some of the results already obtained will 
be deduced anew. Thus, to prove that T(qq') = TqTq\ whence 
T . g^ = (Tg)2, we have 



T(gr/)2 = (^g')K((/g') 
= qq'Kq'Kq 
= q(q'Kq')Kq 
= (Tqr(Tqy, 
.-. T(qq^) = TqTq'. 



Equation (107) 
Equation (99) 



_ /'T^.'\2 



{Tq'yqKq 



J 



^ - Jl 



(Ti* Sill. 












• ^ZiL u,, Si "rni ris 






• — — » — . c^ 









- , -* 



14-5 



Div:* ' -:• ! E.r:ar.« c.-^ 



sinctf. evidently. 

of (^ y^i \ - fro ui Ev;^i::< : :• ii 1 * ^ , 



44r 



Il^v 



r.- T • . - 



^•1 ^1 »i 



»:4^'» 



and ilivkUnir bv iT, ' 



sr- r = i >i, *- 



un 



Substitutiiiir V^i"^' '^^"^ ^ >i^v' > 



>ci:ii«£ e-;-::ir..:c 
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Equations (146) and (148) may be written 

(S + T)g2=2(Sg)2 and (S- 1)^2= 2(V^)'. 

Introducing in (a), or (&), the condition that q and r are 
complanar, we have, after substituting versors, 

TUgr = VUgSUr -|- VUrSUg, 

since, under the condition, T(VUgVUr) = 0. 

Taking the tensors, since q and r are complanar, 

TVUgr = TTUgSUr + SUgT VUr . . . (149), 

and, interpreting. Art. 51, 6, 

sin(^ + ^) = sin ^ cos ^ -f- cos ^ sin <^. 

Introducing the same condition of complanarity in (c) 

Sgr = SgSr - TVgT Vr, 

or, substituting versors as aWJTfe, 

Sr^r = SUgSUr - TVUgTTUr . . . (150), 
or, interpreting, 

cos(d -I- <^) = cos^ cos ^ — sin<^ sintf, 

11. Putting Equation (146) under the fbrm 

Sg = ^ 2 ' 

and writing Vg for g, we have 

sVg = Vi(Sg + Tg) .... (151). 

12. Taking the tensors of the first of Equations (142) , we have 

m,r TV . q^ 

'^^^=-2sr' 
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and wi-iting Vg for q 

TVa 

or, by Equations (133) and (151), 



whence 
and 



TV. V9= Vi(T9-S9) (152), 



13. From the definition of the powers of a quaternion, w^e have 

g-'"g''»=l, [qnj =z(f , , , , (154). 

Hence, since q=:Tq . Ug, Til = IIT and Un = nu, 

Tg— • Tg"»=l, Ug-"*.Ug*"=l . . (155). 
Also, because Ug"" = UKg"*, 

g-" = Tg-"* • Ug~" = Tg""* . UKg"* = Tg-^^Kg*, 
or, since Kjyq = KgKp, writing pq for g, and making m = 1 , 

(jyqT^ = "^{pqY'^M = ^^{pqY^^q^p 
= T(pg)-2(Tg)2(Ti>)-g-^ir^ 
Or 

{pqY' = q-'p-' (156), 

the reciprocal of the product of ttoo quaternions being equal to the 
product of their reciprocals in inverted order. 

Tills formula ma}^ be extended b}' the Associative principle, by 
a process similar to that employed in the deduction of Equation 
(126), so that if 11' represent the product of the same factora as 
those of n, in reverse order, 

(ng)-^ = n'g-i (157). 
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The equation Kpq = KqKp may be deduced without reference 
to spherical arcs. For, by Art. 44, any two quaternions can be 

reduced to the forms g = — , 2> = -, whence 

a p 

J9^ = ^, or pq. a = y, p(i = y, 
and therefore 

Kp . y = Kp . pl3 = {Kp . p)P = {Tp)% 

Now 

(KqKp)y = KqiTpYfi = (TpYKq . fi 

= {Tj^YKq . qa = {TpYiTqYa = (HpqYa 

= Kpq . pq . a = Kpq • y 

.*. K/)g = KgKp, 

which, by the Associative law, gives 

Kn = n'K (158). 

14. Show that K ( — g) = — Kg. 

15. Show that 

T(i> -h qY = (P + q) (K/> + K^) 

= (T2>)2 + (Tg)2 -h 2 S • i)Kg 

= {TpY + (Tg)2 + 2TpTgSU . pKg 

= (T/) + TqY - 2TpTg(l -SU . 2)Kq) , 

and therefore that T(p-\-q) cannot be greater than the sum or 
less than the difference of T;^ and Tq. 

16. Show that qVYq-^ = T\q - SgUVg. 

59. Applications to Plane Trigronometry. 
1. For formulae involving 2^, let 

g = Tg(cos2^-f €sin2^). 
Then _ 

\/q = q' = ^Tq(cosO -{• €8inO), 
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From Equation (142), S . ^^ = (S^)^ + (V^)^, we then have 

or, dividing out T^, 

SU^ = (SU^')2H-(VUg')2; 
and, interpreting,' 

cos 20 = cos^O — sin^^. 

Again, from Equation (147), SU • q^ = 2{»Vqy-l, 

SUg = 2(SUg')2-l; 
whence 

cos2^ = 2cos-^-l. 

' . "k. 

Again, from Equation (142), \ . q^=: 2Hq\q, 

yq = 2 S^'V^', 

or, dividing out T^ and e, 

TVU^ = 2 SUg'TVUg' ; 
whence 

sin 2 ^ = 2 cos^ sin^. 

2. Resuming Equations (149) and (150), 

TYVqr = TYVqHVr + SUgTVUr, 
SUgr = SUgSUr - TVUgTVUr, 

which have alread}^ been interpreted as the sine and cosine of 
the sum of two angles, and writing for 

r = Tr(cos<^ -f csin <l>) , r"^ = — (cos<^ — csin<^) , 

q and r being complanar, we have 






TVUgr-^ == TVUgSUr - SU^TVUr . . (159), 

SUgr-i = SUgSUr + TVU^TVUr . . (160), 
or, interpreting, 

sin (0 — <li) = sin cos <^ — sin <^ cos^, 
cos {d — Kfi) = cos cos <l> + sinO sin ^. 
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3. Adding Equations (149) and (159), 

TYVqr -h TYUqr-' = 2 SU?'TVUg, 



in which, if qr = p^ qr'^ = f , r. q = -Vpt^ ?i= Vi><~\ 



TVUp -+■ TYVt = 2^V(Vpt-')TyV{Vpt) . (161) , 
or 

sinx -^ siny = 2cosi(aj — y) sin^(a; H-y). 

Similarly, bj' subtracting the same equations, 
TVU^r - TYVqr-^ = 2 SUgTVUr, 



TVUp - TVU^ = 2SU( Vi>OTVU(ypP) . (162), 
or 

sino; — sin 2^ = 2cos^(a; + y) sini(a; — ^). 

4. From Equations (150) and (160), by addition and sub- 
traction, we obtain, in a similar manner, 

^Vp-\-HVt = 2HV{Vpt)SV{VpF') . . . (163), 
and 

HVp - SU^ = -'2TYV{Vpt)TYV{VpF'), 
whence 

cosaj-f-cosy = 2cos^(a;-f-y) cos^(a: — ?/), 

cosy ■— cosa; = 2 sin ^(o; + y) sin i{x — y) . 

5. Resuming Equation (152), 

TVVg = Vi(Tg-Sg) , 

it may be put under the form 

2(TVUV^)2 = l-SUg, 
or 

2sin2|^ = l — cos^. 

and, in a similar manner, from Equation (151), 

Syg = Vi(S^ + T^), 

2(SUV(/)' = SUg+l, 
or 

2co82i^ = l4-cos^. 
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6. From Equation (142) 

2TVg (S^)' 



S^ (S^)'-(TV^)* 
_ 2(TV ; S)g 

""l-[(TV:S)g]2' 

or 

. o /, 2 tan tf 
tan 2^ = 



1 - tan*^ 
And, in a similar manner, 

cot^^-l 



cot 2^ = 



2cot^ 



7. From Equations (90) and (91), q and r being complanar, 

Sgr = SgSr + S . \qYr = SgS>- - TV^TVr, 
TYqr = SqTYr -f Sj-TV^, 

we have, by division, 

^ ^ SgSr-TVgTVr 

(TV: S)r-|-(TY:S)g 



1-(TV: S)g(TY: S)r 



or 



or 



4. //I . _L\ tan <f> -f tan ^ 
tan(^ + <l>) = ^^^-^ -. 

1— tan<^ tan^ 

Also I , , V 

rxV • SWr-^ = (TVtS)g-(Ty;S)r 
^ • ^^ H-(TV: S)g(TV: S)r' 

. ./, ,v tan^--tan<f> 
tan (^ — <f)) = ^ . 

^ ^ 1 -i- tan ^ tan c/» 
8. Fr6m EijHation (153) 
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bv\sub8titViting iitvSiicces^on p arid ^ for Vg, .-. a = pVaiid 
q = v^^ we obtain, aft^ reduction, 

(Ty:S)^ + (Ty:S). = ^?y^, 

or, dividing out TpTt from the second member, and applying 
Equation (149),^ " 

(TV:S)p + (TV:S)* = ^^, 

or 

, ^ sin(a:-|-?/) 

tana; + tany = 



cos x cosy 



And similarl}', by subtraction and applying Equation (159), 

(TV: S)p- (TV: 8)^=1^, 

or 

, . sin(ir — v) 
tana; — tan w= ^^ ^. 

cos a; cosy 
9. From Equations (161) and (163) 

™.T /- TYUp-hTVU^ 

^ 2suypri 
(TVU:SU)^^ = (TV:S)y^ = ^^ + y 

. 1/ , \ sinaj + sinv 
tanj(a:-|-y) = -I- ^. 

cosa;-f- cosy 
And, in a similar manner, from Equations (162) and (163), 

(Ty:S)V^ = ^^/^-^^^^ 

SUp + SUi 
or 

.1/ X sinaj — sinv 
tan J (a; — y) = ii. 

cosa; + cosy 



whence 



or 



r ' ' 
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10. Similar formulae ma3' be deduced for functions of other 

ratios of an angje. Thus, from Equation (90)V writing rs for 

r, and making qz^r = s all complanar, we have, by Equation 

(142),^ 1 

H.q' = {Hqy-S^q(T\qy, 

or 

cos 30 = cos^O — 3 cos^ sin^^, 

or, under the more familiar form, 

cos 30 = 4: cos^O— 3 cos^. 






CHAPTER III. 
ApplicatioQS to LocL 

60. Any vector, as p, maj' be resolved into three component 

vectors parallel to any three given vectors, as a, /?, y, no two 

of which are parallel, and which are not parallel to any one 

plane. Thus 

p = Xa-^y^-{'Zy (164) 

refers to an}'^ point in space. 

If the variable scalars x, ?/, z are functions of two independ- 
ent vaiiable scalars, as t and w, p is the vector to a surface, 
which, if the functions are linear, will be a plane. We ma}-, 

therefore, write 

P = i>{t,u) (165) 

as the general equation of a surface. 

If iP, y and z are functions of one independent variable scalar, 
as t^^p is the vector to a curve, which, if the functions are 
linear, becomes a right line. We ma}', therefore, write 

P = <^(0 (166) 

as the general equation of a curve in space. 

If a, /8, y are complanar, we may replace either two of the 
vectors in Equation (164) b}' a single vector, in which case 
p = <^(^) contains but two variable scalars, functions of f, and 
is the equation of a plane curve, or of a straight line if the func- 
tions are linear. 

The essential characteristic of the various equations of a 
straight line is that they are linear^ and involve, explicitly or 
implicitly, one indeterminate scalar. 

131 
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61. Assuming 

p = aja + yp, (a) 

in which x and y are variable scalars, functions of a single vari- 
able and independent scalar, as f, as the general form of the 
equation of a plane curve, by substituting in an}' particular case 
the known functions x=f(t)^ y=f'(t)^ or x=f"{y)^ we may 
avail ourselves of the Cartesian forms and apply to the resulting 
function in p the reasoning of the Quaternion method. 

For example, suppose a and p are unit vectors along the axis 
and directrix of a parabola, the origin being taken at the focuSo 
In this case we have the Cartesian relation 

or, substituting in (a), 

as the vector equation of the parabola. 

Or, again, a and /? being any given vectors parallel to a diam- 
eter and tangent at its vertex, 

p = I'a + t^ (C) 

is the vector equation of a parabola, in teims of a single inde- 
pendent scalar t. 

62. Let/(a;) be any scalar function as, for example, 

f(x) = x'. 
Then 

<^ C/(^) ] = 2 xdx = [f{x) ] dx. 

If, however, f(q) be a function of a quaternion g, as, for 
example, in the above case, 

/(<?) = 'A 

then 

f{q + dq) = (g + dq)' = q' -f qdq ■¥dq.q-\- {dq)\ 

•''dlf(q)']=qdq'\'dq .q, 



I 
I 
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which cannot, however, be written ^qdq, because of the non- 
commutative character of quaternion multipHcation. We can- 
not, therefore, write, in general, 

rf [/(«)]= [/'(?)] cig, 

or form, as usual, a differential coefficient. Since vector, as 
well as quaternion, multiplication is non-commutative, the same 
is true of the differentiation of a function of a vector. Thus, if 

d[.Ap)'\ = p^p -^ ^p *p^ 

and in order to write ^[/(p)] = \_f\p)']dp^ it would be necessary' 
to determine a vector o-, such that adp = dp • p, or 

(T = dp • pdp~^^ 

or, if € be the versor of cZp, since the tensoi's cancel, 

that is (Art. 56, 18), we must have p, c and <r complanar, or 
Yea = Vpc. Since complanar quaternions are commutative, if q 
and dq are complanar, or if dq or dp is a scalar, this peculiarity 
of quaternion and vector differentiation disappears. In this 
case, dq and dp being scalars, f{q) or /(p) are quaternion or 
vector functions of scalar variables, to which the ordinary rules 
of differentiation are applicable. In fact we have onl}" to assume 
such a function, as 

p = x'a' -f X"a" 4- X"'a'" + = SoJa = <^(0 , 

in which a', a", a"', are constants and the onl}' variables . are 

the scalar multipliers, to see that the vectors a', a", a'" are 

to be treated as constants and the usual rules of differentiation 
applied to the scalar coefficients. 

Such equations, then, as those of the parabola, (&) and (c), 
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Art. Gl, in which a and fi are given constant vectors, may be 
differentiated as usual. Thus, from 



we have 






p and /o' being an}- two vectors to the curve, 

is the vector secant ; so that when p and p' become consecutive, 
and the secant a tangent, 

dp:={ta-^p)dt 

is a vector along the tangent to the curve at the point corre- 
sponding to t. The vector to this point being - a + ^y3, and x 

an^' variable scalar, we ma}' write the equation of the tangent 
line at that point 

p = ta + tp + x(ta-\-l^); 

for any given point, x being the only scalar variable. 

63. It has been seen that the usual definition of differential 
coefficients is inapplicable to quaternions in general, for this 
definition involves the commutative property of mjltiplication, 
which is not, in general, true of quaternions, nor of the vectors 
to which they ma}' degrade. It becomes necessary, therefore, to 
give a definition of differentials which shall not involve this prop- 
erty, 3'et which shall also be true of quaternions which degrade 
to scalars, and therefore be equally' applicable to ordinar}' scalar 
quantities. 

If p =f(q) , such a definition is involved in the formula 

<?P = Ji'i«C/(^ + «-''^)-/(9)] • • (167), 



APPLICATIONS TO LOCI. 135 

for, let/(g, r, s, )= be an}' relation between a system of 

quaternions g, r, s, , and let A (7, Ar, As, be finite and 

simultaneous differences, so that g + Ag, ?•-{- Ar, s + As, 

satisfy- the relation /(g, r, s, ) = 0. Then in passing from the 

new S3'stem g-f Ag, to the old system g, , the simul- 
taneous differences can all be made to approach zero together, 
since the}' all vanish together. If, while these differences Ag, 
Ar, thus decrease iudefinitelj* together, the}' be all multi- 
plied by the same increasing number, ?i, the equimultiples nAg, 

?iAr, may tend to finite limits, and these limits are defined 

to be the simultaneous ditferentials of the related quaternions g, 
r, s, , and are written dg, dr, cfe, Simultaneous differ- 
entials are, therefore, the limits of equimultiples of simultaneous 
decreasing differences. If, then, in A/> = /(g + Ag) — /(g), 
while the finite differences A^), Ag be indefinitel}' decreased, they 
be multiplied by a number, n, ultimately to be made infinity, 

so that 

7iAi> = n[/(g+Ag)-/(g)], 

and we pass to the limit, writing dp for ?iAp, and dq for nAg, 
we have 



7 limit 
a » = Yi 



71 = X 



/U + 



t) -/(*)} 



a formula for the differential of a single explicit function of a 
single variable. 

If Q=F(g,r, ), 

'^^ =i='L^C^(^+^*"'^^' r'^n-^dr, )~F(g, r, )] (168). 

In these formulae, rZg, cZr, are an}' assumed variables, no 

reference having been made to their magnitudes, and n any 
positive whole number conceived so as to tend to infinity. To 
show that these differentials need not be small, as also the ap- 
plication of the formula to the differentiation of ordinary scalar 
quantities, let 

2/ = ^; 



■J J J •> 
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then 



whence, as usual, 



(y + A2/) = (x+Axy; 



A 2/= 2xAx-\-{Axyy 



or, n being a positive whole number, 

nAy = 2xnAx-\- n~^(n A x)' 



If, now, the differences Ay and A a; tend together to zero, 
while n increases and tends to infinitj' in such a manner that 
nAx tends to some finite limit, as a, we have, for the other 
equimultiple n A y. 



nAy = 2xa + n'^ar. 



But, since a, and therefore a*, is finite, n~^a^ tends to zero, 
and, at the limit, nAy = 2xa. Hence the limits of the equi- 
multiples nAx and nAy are respectively a and 2«a, and 
dx = a, dy = 2xa hy definition ; from which 

(ly = 2xdx. 

For a vector function we should write 



limit 



dp = .:Zn[/{p + n-^dp)-f{p):\ . . (169), 



and for a scalar function, p = tt>(t). 



dp = d[_i>{t)2 = ^f^ln 



i>lt + f^]-<t>{t) 



• (170), 



0^ in which li^tter t and dl are independent and arbitrary scalars. 



64. As a further illustration of the definition, let 



APPLICATIONS TO LOCI. 



137 



Fig. 64. 




be the equation of an}- plane curve in space, and op = p (Fig. 64) 
a vector from the origin to a point p 
of the curve ; t being an}' arbitrary sca- 
lar representing time, for example ; so 
that its value, for any other point p' of 
the curve, represents the interval 
elapsed from any definite epoch to the 
time when the point generating the 
curve has reached p.' 

If p' be the vector to p,' then 

p'— •p = pp'=Ap 

isstrictl}' the finite difference between p and p\ and, if the corre- 
sponding change in t be A^, 

pp'= (p -h A p) - p = A p= <^(« -h A - ^(0 = A <^(0 ; 

where op'= <^(i + A ^) , and A Ms the interval from p to p! 

In ^A^ p would have reached some point as p", for which 
op"= <^(f 4-^A ^), on the supposition that pp" is described in 
^ A ^ On the basis of this closer approximation to the velocity 
at p, p would have been found at j)", had this velocity remained 
unchanged, such that 

?;/'= 2pp"= 2(op"- op) = 2[<^(« -f. ^ A - ^(0]- 

For a closer approximation to the vector described in A ^ with 
the velocity at p, suppose at the end of ^A ^ the point is at p'", 
for which op'"= <^(^ -f ^A^). Under this supposition, the vec- 
tor described in A i would have been 



pp"'= 3pp"'= 3(op'"- OP) = 3[<^(« + ^A - <^(0]. 

and, at the limit, representing the multiple of the diminishing 
chord by dp, 



138 QUATERNIONS. 

65. Resuming Equation (167), 

dp = dfiq) = ^f^l^nlf(q+n-'dq) -/(q)}, (a), 

the second member ma}' be written f(q^ dq) , but not, as ordi- 
narily, /(^)c?g. 

In/(g, dq)^ dq ma}' be composed of parts, as q', q", g'", , 

with reference to which /(g, dq)=f{q^ g'-f g"+ ) is distrib- 
utive. To prove this, let 

we are to prove that 

/(g,9'+9")=/(?i9')+/(?,9")- 

Since before passing to the limit, the second member of (d) 
is a function of n, q and dq, we maj' express this function by 
the S3-mbol /,(?, dq), and write 

f{q, dq) = n[f{q + n-'dq) -/(«)] =/»(g,-d(/), 
or 

f(q + n-^dq)=f(q) + n-^f„{q, dq). 

Replacing dq hy q' and q" in succession, we have 

f{q + n-'q') =f{q) + «"'/„(<?, q') , 
Aq+n-'q") =Aq) + n'^niq, q"), 

and, following the same law of derivation. 



f{q + n-'q"+n-^q')=f{,q + n-'q") + n-'f,Xq + n-^q",q'), 
f{q + »-'9'+ n-'q") =f{q) + n'^Mq, q'+ q") , 



from which 

fn(q, q'+q")=f«(qr 9") +/.(<? +«-'«", q'), 

the limiting form of which, for m = «, is 

Aq,q'+q")=Aq,q")+f(q^q') • ■ (i7i), 
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I 

which may, in like manner, be extended tx) the case of 

It follows from the above that, if p =f{q^ xdq)^ 

f(q,xdq) = xf(q,dq) .... (172). 

If Q = F(q, r; ) , whence, Equation (168) , 

dQ = d[F(q,r, )] 

the last member will be a linear and homogeneous function of 

dq, dr, , and distributive with reference to each of them. 

Hence, to differentiate such a function, we do so with reference 
to each factor, and take the sum of the results obtained, as usual ; 
taking care, however, not to make use of the commutative prop- 
erty. Thus d{qr) = dq • r-^- qdr, but not rdq + qd7\ 

66. When g is a function of smy variable scalar t, represent- 
ing time, for example, then, if t be given a finite increment A ty 
for which the corresponding one of g is A g, we have 

Aq=^Aw-{-Aoci-{-Ayj-\-Azk; 

and, if the sever^jj parts of the quaternion vary continuousl}' 
with the independent variable ^ at the limit we may form, as 
usual, the differential coefficient 

dq _dw .dx , . dy , .dz-. 
dt dt dt dt dt 

The successive differential coefficients, as also the partial ones, 

when q = (f>(ty v, ), are derived from the quadrinomial form in 

the same manner. 
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67. Examples. 
1. TofinddTg. 



or 



gTa _ r2 Vii;^ 4- ar' 4- / _±i: 

Tg\ dt cZ« dt at J 

-^^^* dt VqTq ^ q 

dq 

^ — S— • 
'dt "■ Ucjf* 

2. (Tp)2 = -p'. 

The first member being a scalar, we have 

2TpdT/3. 
p>om the second member 

= limit pdp'\'dp . p + rr\dpy 
^rpdp-^-dp . p='2^pdp' 

Equating TpdTp = ^Spdp. 

From this we may obtain ^ 

dTp = - S . Vpdp = S:jj^> 

dTp __ dp 

3. ToftnddUg. We have ^^^^^^. 

dTg . Ug + (?Ug . Tq = rf?, 
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whence 



or 



dUq . Vq (IVq . Tq __ dq 
TqVq TqJJq ~~ q ' 

dVq __ dq dTq 



Vq q Tq 

and, substituting from Ex. 2, ^ ' '-^ ' ' > 

dVq _ dq adq, 
Vq q ' q ^ 
. dVq_jrdq 

or 

dVq = Y^*Vq, 

4. From the above expressions for dTg and dVq^ we have 

as the form under which the differential of a quaternion may 
always be written. 

5. To find dU/o. We have, from p = TpUp, 

dp = dTp • Up + TpdUp, 
dp_dTp . dVp 
p ■" Tp Up 

^^dp dVp from Ex. 2, 

P Up 
or 

dUp _ dp _ c^__ ydp __ ypdp __ Ypdfi ___ . 
Up P P P P^ P" 



whence, also, 

pY > dpp 



'^^P= .~.N3 
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6. From the above expressions for clTp and dU/j, 

(Tp) 

7. That S, V and K are commutative with d is seen from the 
following : 

whence 

dq = dSq + dYq^ (ci) 

and, since dq is a quaternion, 

dq = Mq'\- Ydq, (b) 

hence 

c?Sg = SrZg and dYq^Ydq. (c) 

Again 

Kg = Sg — Vg, 
whence 

dKq = c?Sg — dVc?, 

and, taking the conjugate of dq in either (b) or (a), we have, 

with or without (c) , 

c?Kg = Jidq. 

8. (Tg)2 = gKg. 

2 TgdTg = J^^'^ 7^ [(g + n-'dq) (Kg + 7i-^dKg) - gKg] 

= limit [dq{Kq + n-^KcZg) + q^^dq^ 

= dq .Kq-{- qlidq 

= K . qKdq -f gKd:^ y. L \ 

= 2 S • gKdg = 2 S . Kqdq, [Equation (80)] 

or, since Tq = Tliq and UKg = ui = — , 

q Vq 

1 

cTTg = S . V-dq = S . Ug-^(?g. 

If g = a vector, as p, then, since Kp = -^ p^ this becomes 

cZTp = — S . Vpdp, 
as in Ex. 2. 
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9. r = g^. 

= limit \_qdq -{-dq .q^- n-^dqy] 
= qdq + dg • g ; 
. • . dr = 2 ^dq + 2 Sq\dq + 2 SdgVg. 

If ^ = a vector, as p, then Sg = 0, Sdg = 0, and 

d(p^)=2^pdp 
as in Ex. 2. ^ 

10. r = Vg. Then g = r^, and, as before, 

dq = ?-cZ?- H- dr • r. 
Operating with r X and X Kr, in succession, 

rdq = i^dr-{-rdr . r, 
dg . K?- = rdr . Kr + dr • rlLr 
=zrdr . Kr4-(Tr)2c?r, 
or, adding, 

rdq + dq . Kr = [^-^ + {TrY^dr -h rdr{r + Kr) 

= [r^-f-(Tr)''^ + 2Sr .r]dr, 

which gives dr = dVg in terms of dg. 

11. qq-^ = l. We have 

qd{q-^) + dq .q-^ = 0. 

Operating with g"^X 

q-'qd{q-')-\-q''dq.q-' = 0, 

dl^-^idq. i. 
q Q <1 
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Ifq=:Si vector, as p, 

d- ^ dp- 

P PR 

= cfp--!-— d/0 dp • 

P P P p p 

P P\P pj 

P^ P P 

P\P Pj P P 

12. Differentiate SUg. 

cZSUg = MVq = S . Yy Ug [Exs. 7 and 3.] 
da 

= s--^yug 

. =s.~UVgTVUg 
Q 






13. Differentiate YVq. 



dYVq = V . dUg = V . V^ Ug [Exs. 7 and 3.] 



14. Differentiate TVUg. 



cZTYU, = S^ fEx. 2.] 

""UT? " VYq 
dq 



J 
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The Bi^ht Line. 

As in Cartesian coordinates, the form of the equations of a 
right line, as of other loci, will depend upon the assumed con- 
stants, and in any given problem one form may be more con- 
veniently used than another. 

68. Bight line through the origin. 

If o be the initial point, or origin, and p = or a variable vec- 
tor in the prolongation of a = o a, then 

p = xa (173) 

is the equation of a right line through the origin in the direction 
of the constant vector a. 
The equations 

^^ = ^^^1 (174) 

obviously' refer to the same right line. 

Since any line, represented as a vector by a, is parallel to 
p=xa^ we may say that the above equations are those of a right 
line through the origin parallel to a given line ; or, a being a 
point given by a = oa, they are the equations of a right line 
through the origin and a given point. 

69. Parallel lines. 

If ^ z= OB be a constant vector to a given point -b, then 

p==p-\'Xa (175) 

is the equation of a right line through a given point, and parallel 
to a given line, as /o'= xa through the origin. Or, a being a given 
vector, it is the equation of a right line through a given point 
and having a given direction. If a is an undetermined vector, 
it becomes the general equation of any one of the infinite num- 
ber of right lines which may be drawn through a given point. If 
o and B coincide, )8 = 0, and, as before, p = xa. 
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a remaining the same, and /?' = ob' being a vector to any other 
point bJ for the equations of two parallels, we have 

'^itj] (176), 

or, since a and p—fi are parallel, 

Va(p-^) = Oj 

Va(p-)S')=OJ ^ 

70. Right line througrh two griven points. 

If OA = a (Fig. 65), OB=:^ are the vectors to the given 

points, and p the variable vector to any 
Fig. 65. point R of the line whose equation is re- 

A B ^* ^ R quii*ed, we have 

AR = XAB = x{fi — a), 
and 

OR = OA -|- AR, 

or, for the required equation, 

p = a + x{l3-a) . (178), 

which, if one of the points, as a, coincides with the origin, 
becomes p = a;/3, as before. 

We have seen, Art. 55, that if Sa/3y = 0, a, /8 and y are com- 
planar. Replacing y by the variable vector p, 

Sapp = (179) 

is the equation of a plane ^ since it expresses the condition that p 
is complanar with a and p. If we have also Sayp = 0, the two 
equations, taken together, represent the line of intersection of 
these two planes. 

These equations may be obtained from the line p = o^ by ope- 
rating with S(Va)S) X and S(Vay)x ; or, conversely, to find the 
equation of the line in terms of known quantities, having given 

SaySp = 0, Sayp = 0, 




o 
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write these latter under the form 

whence it appears that p is perpendicular to both Va^S and Vay, 
and is consequently parallel to the axis of their product ; 
therefore 

p = 2/V . Va/?Vay 
= ^(ySa/8a - aSa^Sy) [Eq. (112)] 

= - ^/aSa/3y, 



or, putting — y^a/Sy = a:, 



p =^Xa. 



7L Bight line perpendicular to a given line. 

1 . Let 8 = OD (Fig. 66) be a vector through the origin. To 
find the equation of dc through its extremity Fig. 66. 

and perpendicular to it. Now p— 8isa d..' r c 
vector along dr, and therefore b}^ condition 

S8(p-8) = 0. 

Whence SSp = -(T8)^ or 

^Bp = c^ a constant (180) 

In order that p^ p^S and 8 be complanar, we must have 




or 



S.8p(p-8) = 0, 
S.(T8p)(p-8)==0. 



2. p — 8, being perpendicular to both S and V8p, will be 
parallel to the axis of their product, or to V . 8V8p. Hence, if 
y = oc be a vector to any point c, in the plane of od and dr, the 
equation of a right line through a given point c, perpendicular to 
a given line od, will be 

p = y + a?V.8V8y (181). 



148 QUATERNIONS. 

3. If the perpendicular is to pass through the origin, then, 
from Equation (180), 

SSp = (182), 

or, in another form, from Equation (181), y being parallel to 

V . 8V8y, 

p = ?/Y.SY8y (183). 

4. The student will find it useful to translate the Quaternion 
into the Cartesian forms. Thus, from Equation (180) , if rod= $, 

SS/9 = — TSTpcos^, 

whence, if r and d represent the -tensors, 

rc?cos^ = d^ or ?• = 



cos^' 
the polar equation of a right line. 

5. Equation (181), of a line through a given point and per- 
pendicular to a given line through the origin, may be otherwise 
obtained, as follows : 

Let y and 8, as before, be vectors to the point and along the 
given line, respectivelj', and /3 a vector along the required per- 
pendicular, whose equation will then be 

P^y + xp. (a) 

To eliminate ^ we have the conditions 

HSfi = 0, 

since S and p are perpendicular to each other, and 

Sy8)8 = 0, 

since y, 8 and /3 are complanar. But V8y is perpendicular to this 
plane, and therefore V . 8V8y is parallel to )3 ; hence, substitut- 
ing in (a), 

p = y 4- xV . SY8y, 
or simply 

p = y + a;8T8y. 
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If Sy8)S ^ 0, y, 8 and ft are not complanar, and the problem is 
indeterminate ; which also appears from (a) , by operating with 
X S . 8, whence, since S)8S = 0, 

Sp8 = Sy8, 

a result which is independent of )8, and an infinite number of 
lines satisfy the condition. 

6. If the line to which the perpendicular is drawn does not 
pass through the origin, let 

p = P'{-xa (a) 

be its equation. Then, if p be the vector to the foot of the per- 
pendicular, we have Sa(p — y) = 0, or 

Sa(a^ + /3-y) = 0, (6) 

because the line is perpendicular to (a) , or its parallel a. Hence, 
from (6), 

or, for the perpendicular p — y, 

p-y = Xa-\-p-y=: a-^Sa(y - )8) - a-^a(y - ft) 

= _a-^Va(y-)8). 

Its length is evidently 

TV[Ua.(y-/J)] (184). 

7. This perpendicular is the shortest distance from the point 
to the line. The problem may, therefore, be stated thus : to 
find the shortest distance from c to the line p = xa-\- p, p being 
the vector to the foot of a line from c to any point of the given 
line, this vector is 

^-{-Xa — y, 

and; in order that its length be a minimum, 

(rr(j8 + ato-y) = 
= T(/3 + aja - y)dT(/3 + a;a - y) 
= - S[ (iS 4- aJa - y) a]daj = 0, 
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or 

S()8-f-aJa-y)a = 0, 

that is, the line must be pei-pendicular to p = xa-\-p. 

8. If the perpendicular distance from the origin to p = /3 + a;a 
is required, p, being as before the vector to the foot of the per- 
pendicular, coincides with it ; hence, y being zero, and 8 repre- 
senting this value of p, 

S = xa-\- fi. 

Operating with x S • 8, since Sa8 = 0, 

-(TS)2 = S/?8. 
Hence 

T3 ^ Sig8 ^ S , )8T8U8 

T8 T8 ' 

or 

T3 = S.)SUS (185). 

72. We are to observe that the foregoing equations of a right 
line are, as remarked in Art. 60, all linear functions involving, 
explicitly or implicitly, a single real and independent variable 
scalar. Such is evidently the case for such equatioris as 

p = xa, [Eq. (173)1 

p = /? + a;a, [Eq. (175)] 

p = a-j-aj(/?-a). [Eq. (178)] 

So also for the implicit forms, as Vap = [Eq. (174)] ; em- 

* 

ploying the trinomial forms 

a = ai-\- bj + cA:, 
p = xi -f yj + zk, 
we have 

ap = (bz — cy)i + (ex — az)j -f- (ay — bx)k — (ax -f- 6y -f cz). 
Whence 

Yap = (bz — cy)i + (ex — az)J + (ay — bx)k = ; 
.-. bz = ey^ cx = az^ ay=:bx, 

in which x and y are functions of z. 



i 
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The Plane. 

73. Equation of a plane. 

1. If, in the equation S • 8^ = 0, which denotes that ^ is per- 
pendicular to 8, we replace /3 by the variable vector /a, 



S . 8/3 = 



(186) 



is the equation of a plane through the origin perpendicular to 8. 



2. Or, let 8 = OD (Fig. 66) be the vector- 
peq^endicular on the plane, and dr an}- line 
of the plane. 

Then 



Fig. 66 (bis). 
D R C 



or 



S8(p-S) = 0, 
SSp = 82 = - (T8)2, 

SS/3 = c^ a constant 



(187) 




is the general equation of a plane perpendicular to 8. Here dr 
is an}' line of the plane ; and, if YSp = c, 

^ip = an indeterminate quantity . . . (188). 

If the plane pass through the origin, we have, as before, 
SS/o = 0. Conversel}', if SSp = c is the equation of a plane, 8 is a 
vector perpendicular to the plane. 

3. The equation of a plane through the origin perpendicular 

to 8 may also be written in terms of any two of its vectors, as 

y and fi ; 

p = xp-^ yy. 

Both of these indeterminate vectors may be eliminated b}'- 
operating with S . 8 x , whence 

SSp = 

as before ; or one may be eliminated by operating with V . /? X , 
whence 

ypp = 28, 
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from which we may again derive S8p = b}^ operating with 
V . 8 X ; for 

= /)SS/8 - ^S8p, [Eq. (Ill)] 

whence, since SS)S = 0, SSp = 0. 

4. The equation of a plane through a point b, for which 
OB = )8, and perpendicular to 8, is 

SS(p--^) = (189). 

0. Having the equation of a plane, SSp = c, to find its dis- 
tance from the origin, or the length of p when it coincides with 
8, we have p =x^; hence 

SSp = c = SicS* = xS^, 
or 



which, in p = aj8, gives 



or 



ar = 


c 


P = 


c 
'8' 


Tp = 


c 
"T8 



(190). 



74. To find the equation of a plane through the origin, making 
equal angles with tfiree given lines. 

Let a, )8, y be unit vectors along the lines. The equation of 
the plane will be of the form 

SSp = 0. 

By condition, Sa8 = S)8S = SyS = TS sin <^ = a;, </» being the 
common angle made by the lines with the plane. 
Hence 

sm 6 = --;. 
^ T8 
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To eliminate 8, we have, from Equation (118), 

and, b}' condition, 

SSa^y = X(\afi -f V)3y + Tya) . 

The vector represented b}- the parenthesis is, then, the per- 
pendicular on the plane, whose equation, therefore, is 

S/3(Va^-f V^y + Tya)=0 . . . . (191), 

and the sine of the angle <t> is 

Sa)8y 

T(Va/8-|-V)8y + Vya)' 

75. Equation of a plane through three given points. 

Let a, /S, y be vectors to the given points ; then are the lines 
joining these points, as (a — )8), (/3 — y), lines of the plane. If 
p is the variable vector to any point of the plane, p — a is also a 
line of the plane. Hence 

S(^-a)(a-y8)()8-y) = 0, 

or 

But 

S(-p)82)^0^ S(--a2^) = 0, etc., 

S( — pay) = S/aya = S . /oVya, 
Spa^= S . /oVajS, etc., 

hence 

S./>(Va^ + V^y + Vya)-Sa)8y=0 . . (192), 

which, b}^ making the vector-parenthesis = 8, may be written 

under the form 

S/>8 - Sa^y = 0, 
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in which 8 is along the perpendicular from the origin on the 
plane. When p coincides with this perpendicular, p = icS, and, 
from the above equation, 

xP = Sa/3y, 

or, for the vector-perpendicular, 

p = a;S = 8-iSa^y = ^""^y 



Yafi -f \Py -H Vya 



76. We observe again, from inspection of the equations of a 
plane, that, as remarked m Art. 60, the}' are linear and func- 
tions of two indeterminate scalars. Thus, for a plane through 



the origin 



SSp = 0, [Eq. (186)] 



employing the trinomial forms 8=a«-f &;H-cA: and p=xi-{-iij-^zk, 
we obtain 

Sp = {bz — cy) i -h {ex — (iz)j -f {ay — bx)Jc — (ax -\-by-{- cz) , 

the last term of which is the scalar part ; hence 

ax-^-hy -\-cz = 0, 

the equation of a plane through the origin o, perpendicular to a 
Ime from o to (a, 6, c) , which may be wiitten /(a;, y, 2;) = ; 
or as a function of two indeterminates. In the same way, from 
an inspection of the other forms, 

p = xa + yp, [Art. 73,3] 

SSp - c' = ax -h &?/ + C2; - c' = 0, [Eq. (187)] 
we observe they are linear functions of two indeterminate scalars. ' 

77. Exercises and Problems on the Right Line and 
Plane. 

1. p and y being vectors along two given lines which intersect 
at the point a, to which the vector is oa = a, to write the equation 
of a line perpendicular to each of the tivo given lines at their 
intersection. 
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\Py is a vector m the direction of the required line, whose 

equation, therefore, is 

p = a + x\l3y (193). 

If a' = oa' be a vector to any other point, as a J then is 

p = a' + x\fiY 

the equation of a line through a given point perpendicular to a 
given plane ; the latter being given by two of its hues. 

2. a and fi being vectors to two given points^ a and b, and 
S5p = c the equation of a given plane^ to find the equation of a 
plane through a and b peipendicular to the given plane. 

8, /3 — a and a — ^ are lines of the required plane, hence 

S(p-a)(a~^)8 = 0, 

or 

S/D(a-^)8 + Sa^8 = (194) 

is the required equation. 

3. oc = y being a vector to a given point c, and p = a-\- x/3^ 
p = a'+x'p' the equations oftico given llnes^ to write the equation 
of a plane through c parallel to the two given lines. 

If lines be drawn through the given point parallel to the given 
lines, the}^ will lie in the required plane. As vectors, /8 and /?' 
are such lines, and p — y is also a line of the plane. Hence 

HPft'ip ~y) = (195) 

is the required equation. If y = a, or a', it is the equation of a 
plane through one line parallel to the other. Or, if y is inde- 
terminate, the general equation of a plane parallel to two given 
lines. 

Otherwise : the equation of a plane through the extremity of 
y parallel to two given lines, whose directions are given b}' 
a and )3, is evidently p = y -|- oja + y/^' 

4. To find the distance betioeen two points, 
a and fi being vectors to the points, 

y = /? — a. 

Squaring 

c^ = 6- + a- — 2 a& cose. 



/' 
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5. A plane being given by two of its lines ^ p and y, to write 
the equation of a right line through a perpendicular to the plane. 

Let OA = a. Draw two lines thi'ough a parallel to ^ and y. 

Then 

p = a-ficV)3y (196). 

If the plane is given bj' the equation SSp = c, then 

p = a-f»S (197). 

G. Find the length of the perpendicular from a to the plane ^ 
in the preceding example. 

Operating on Equation (197) with S . 8 X 

S8p = SSa -h ojS^ = c, 
or 

ajS« = c-S8a; 

r.x^ =8-i(c-S8a) (198). 

7. S8(p — j8) = 0, Equation (189), being the equation of a 
plane through b perpendicular to h^ to find the distance from a 
point c to the plane. 

Let y = oo. The perpendicular on the plane from c, being 
parallel to 8, will have for its equation 

p = y -f-ajS. 

To find a?, operate with S . 8 X , whence 

S8p = S8y -I- xh\ 

or, from the equation of the plane, 

S8y + xS^ = SS)8 ; 

.-. a;8 = - 8-^ S5(y-^), . 
and 

xTS = T8-iS8(y - /8) = S [U8 . (y - /?)] . 

8. Write the equation of a plane through the parallels 

p = a + a:)8, 
p = a'+a;)8. 
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9. Write the eqiicUion of a plane through the line 

perpendicular to the plane 

SSp = 0. 

10. Given the direction of a vector-perpendicular to a plane ^ 
to find its length so that the plane may meet three given planes in 
a point. 

Let 8 be the given vector-perpendicular, and 

Hap = a, S^p = &, Syp = c 

the equations of the given planes. If the equation of the plane 

be written 

SSp = aj, 

then X must have such a value that one value of p shall satisfy 
the equations of all four of the planes. From Equation (118) 
we have 

pSa^y = Va/?Syp + V)8ySap -f- YyaHfip 
= c\al3-^a\Py + bYya. 

Operating with S . 8 x , to introduce oj, 

11. To find the shortest distance bettoeen two given right lines. 
Let the lines be given by the equations 

pz=a-^xl3, (a) 

p = a'-fa;'^: lb) 

The equation of a plane through either line, as (ft), parallel to 
the other (a), is [Equation (195)] 

Si8)8'(p-a') = 0. (c) 

Y(3fi' is a vector-perpendicular to this plane. Hence, if yV/3^' 
be the shortest vector distance between the lines, we have, since 
a — a'— yYfifi' is a vector complanar with p and )8,' 
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or 

S(S/3i8' + \Pfi') (a - a' - y\fip') = O; 

-2/W/?TH-S[V/3/8'(a-ct')] = 0; 

or, dividing by T(V)8iS'), 

T(2/ViSi3')=TS[(a-a')U(V/S/3')]. . . (m), 

the symbol T denoting that only the positive numerical value of 
the scalar is taken. 

Otherwise : since the distance is to be a minimum, 

dT(p'-p) = 0, 
"whence 

or 

S(p'-p)i8 = and S(p'-p))8' = 0, 

or the shortest distance is their common perpendicular, whose 
length ma}' be found as above. 

12. Given S8ip = di and S82P = d^^ the equations of two planes^ 
to find the equation of their line of intersection. 

This equation will be of the form 

To find m and w, we have, from (a), 

S8| p = m8|^ -|- /iSSi §29 
S82P = nSa* + mS8iS29 

from which we obtain 

S81 p — wSSi 82 SS2P — nh2 , 



m = 



n = 



8i2 - S8182 

SoidoSoip — Oi"So2P 



2SJ2 



But 



(88182)2-81^82= 



(88182)^- 81^822 =(¥8182)^ 

ell S^i "2 — ^'2 "1 
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And similarly 

Substituting these values in (a) 

which is the equation of the required line, a less useful form than 
those of the two simple conditions of Art. 70. 

If the two planes pass through the origin, then also does their 
line of intersection ; and since ever}' line in one plane is perpen- 
dicular to 81, and ever}' line in the other to S21 V8,82 is a line 
along the intersection, as in (o), and the equation becomes 

p = a;V8i83 (200). 

13. The planes being given as In Equation (189), 

S8(p-)8) = 0, (a) 

S8'(p-/S') = 0, W 

to find the line of intersection. 

The vector p to an}' point of the line must satisfy both (a) 
and {h). This vector may be decomposed into three vectors 
parallel to 8, 8' and yh^[ which are given, and not complanar, 
by Equation (118) ; whence 

/oS . ^'yh^' = Sp8Y(8' . T88') + S/38'V(YS8' . 8) + S(/oY88') V88', 

or, from (a) and (6), 

- p(TV88')2 = SS^V(8' . YS8') + S8'/3'Y(Y88' . 8) + S88>Y88', 

or, since S88'/o is the only indeterminate scalar, putting it equal 
to 0?, we have 

- p(TY8S')* = S8/8Y(8' . Y88') + S8')S'Y(Y88' . 8) + a?Y88: 

If the planes pass through the origin, in which case fi and /8' 
are zero, we have, as before. 



vT 
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14. To write the equation of a plane through the origin and 
the line of intersection of 

SS(p-/3) = 0, (a) 

If p is such that SSp = SS)8, theiv also SS'p = ^'P'/^ both the 
above equations will be satisfied. Hence, from (a) and (b) 

which is also a plane through the origin. This equation ma}' 

also be written 

S[(8SS'^'-8'S8)8)p] = 0, 

which shows that 

8SS')8'-8'S8)8 

is a vector-perpendicular to the plane, and therefore to the line 
of intersection of (a) and (6). 

15. To find the equation of condition that four points li€ in 
a plane. 

If the vectors to the four points be a, )S, y, 8, then, to meet 
the condition, 

8 — a, 8 — )8, 8 — y 

must be complanar, and tlierefore 

S(8-a)(8-;8)(8-y) = 0, 
whence 

S8^y + Sa8y -I- Sa/38 = Sa^y . . . (201), 

which is the equation of condition. 

Or, X and y being indeterminate, we have also 



or 
and 



8 = a + x()8-a) + Z^(y-i8), 

8 + (a;-l)a + (^-aj)^-yy = 0, 
l + (a:-l) + (2/-a;)-2/ = 0. 



APPLICATIONS TO LOCI. 161 

Or, in general, 

aa-\- 

a-\-b -f-c-f 



a„ + i^ + ey + cK = OJ ^202), 



are the sufficient conditions of complanarity. 

These conditions are analogous to Equation (9). 

16. Given the three planes of a triedral^ to find the equations 
of planes through the edges jyerpendicular to the opposite faces^ 
ajid to shoiv that they intersect in a right line. 

Taking the vertex as the initial point, let 

Sap = 0, (a) 

^Pp = 0, (?0 

Syp = (c) 

be the equations of the plane faces. Then Va/8 is a vector par- 
allel to the intersection of (a) and (^), and V • yVa/S is a vector 
perpendicular to the required plane through their common edge. 
Hence tlie equation of this plane is 

S(pV.7Va)3) = 0. (a') 

Similarl}', or by a C3'clic change of vectors, 

S(pV.aVi3y) = 0, {V) 

S(/oy.^Vya) = (c') 

are the equations of the other two planes. 

If from their common point of intersection normals arc drawn 
to the planes, then are V . yVa)8, V • aYySy and V • )8Vya vector 
lines parallel to them ; but, Equation (123), 

V(yVa)8 + aV/3y + ^Vya) = 0. 

Hence these vectors are complanar, and the planes therefore 
intereect in a right line. 

Otherwise : from Equation (111) 

Y(aV^y) = ySa/3 - ^Say ; 



V 
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hence, from (6'), 

S(pySa)8 — p^ay) = HafiHpy — HayHpft = 0. 

Similarl}', or b}' c^'clic permutation, 

^fiySpa - S)8aSpy = 0, 
SyaS/o^ — SyjSSpa = 0. 

But the sum of these three equations is identically zero, either 
two giving the third b}' subtraction or addition. 

17. To find the locus of a point winch divides all right lines 
teitninating in two given lines into segments lohich have a com- 
mon ratio. 

Let DA and d'b (Fig. 67) be the two 
given lines, a and p unit vectors parallel 
to them, BA an}' line terminating in the 
given lines, and r a point such that 
RA = mBR. Assume dd', a perpendicular 
to both the given lines, o, its middle 
point, as the origin, and od = 8, od' = — 8, or = p. 
Then 

OA = p -|- RA = 8 -h Xa, 

OB = p 4- KB = — 8 4- yp* 
Adding 

2/0 -f- RA 4- RB = Xa + yp, (a) 

But 

m— 1 m — 1, .«,, V 

RA + RB = KA = ( ^ p^^^ QCa) , 

m m 

which substituted in (a) gives 

p — 8 — xa = miyP --p'-h)^ {h) 

whence, since SS)8 = S8a = 0, 

SSp(m + l) = 82(l-m) = c, 
or the locus is a plane perpendicular to dd'. 
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If the given ratio is unit}', or br = ra, then m = 1 and 

S8p = 0, 

and the locus is a plane through o perpendicular to dd'. 
If a and P are parallel, then (b) becomes 

p — 8 = m(x'a — /o — 8) , 
whence 

SS/3(m + l) = (l-m)82, 

a right line perpendicular to dd! If at the same time m = 1 , 

S3p = and p = a;"a, 

a right line through the origin parallel to the given lines. 

18. If the sums of the perpendiculars from two given points on 
two given planes are equals the sum of the peipendiculars froTn 
any point of the line joining them is the same. 

Let A and b be the given points, oa = a, ob = ^, and SSp=(Z, 
SS'p = d' be the equations of the planes ; 8 and 8' being unit 
vectors, so that aS and t/8' are the vector-perpendiculars from a 
on the planes. Then 

and 

a; + 7/ == Sa(8 + S') - {d + d') . 
Similarlv 

«'-f7/'=S^(8-|-8')-((Z + rf'). 

But, b}' condition, 

Sa(S + 8') = S)5(8 4-S'), 
or 

S(y8 - a) (8 + cV) = 0. (a) 

The vector from o to an}- other point of the line ab is 
a + z ()S — a) ; whence, for this point, 

a;"-f-y' = S[a-h^()8-a)](8+8')-(fZ-hcZ'), 

for which point, since (a) remains true, the sum therefore is 
unchanged. 



'', 
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19. To find the locus of the middle points of the elements of an 
hyperbolic paraboloid. 

Let the equations of the plane director and rectilinear direc- 
trices be 

SSp = 0, 

p = a -h iC)8 and p = a' -|- x'p[ 

Also, let OM = ft be the vector to the middle point of an ele- 
ment so chosen that the vectors to the extremities are a-\-xp 
and a' + x'p\ Then, since m is the middle ix)int, 

2fi = a-\-xp + a' ^x'p, (a) 

The vector element is 

— ic'/?' — a' + a -f a?)3, 
and, being parallel to the plane director, 

SS(- a' + a -h ar^ - x'fi') = 0. 

This is a scalar equation between known quantities from which 
we ma}' find x' in terms of x ; substituting this value in (a) , we 
have an equation of the form 

^ = tti -I- xPi, 

or the locus is a right line. 

20. If from any three points on the line of intersection of tivo 
planes^ lines be drawn^ one in each plane^ the triangles formed 
by their intersections are sections of the same pyramid. 

The Circle and Sphere. 

78. Equations of the circle. 

The equation of the circle ma}' be written under various 
forms. If a and fi are vector-radii at right angles to each other, 
and Ta = T^, we may write 

p = cos^ . a + sin^ . ^ .... (203), 

in terms of a single variable scalar 0, 
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( If a and )8 are unit vectors along the radii, 

or, since a^-^y^^ j-^, 

p = {i^-f)\a^yP .... (204). 

The initial point being at the center. 



a 

p2 = -r2J 



(205) 




are evidentl}' all equations of the circle. 

If o (Fig. 68) be any initial point, c the center, to which the 
vector oc = y, p the variable vector to 
any point p, cf = a, then 

whence 

{p-yy = -r^- -(206), 

the vector equation of the circle whose 
radius is r. 

If Ty = c, it may be put under the form J 

p2-2Spy = c2-r2 (207). 

If the initial point is on the circumference, we still have 
{p — yY = — ^-^ ; but y^ = — )-^, hence 

p2_2S,9y = (208), 

or, since in this case Spy = Spa, 

p2-2Spa = (209). 

79. Equations of the sphere. 

This surface ma}' be convenientl}* treated of in connection 
with the circle ; for, since nothing in the previous article restricts 
the lines to one plane, the equations there deduced for the circle 
are also applicable to the sphere. 
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Another convenient form of the equation of a sphere is 
(Fig. 68) 

T(p-y) = Ta (210), 

the center being at the extremity of y and Ta the radius. 

80. Tangent line and plane, 

A vector along the tangent being cZp, we have, from Equation 
(203), 

dp = — sin^ • a + cos^ • yS, 

and for the tangent line tt = p -+- ^p^ 

7r = cos^ • a + sin^ . ^4-ic[— sin^ • a + cos^ • yS] (211), 

where ir is an}' vector to the tangent line at the point corre- 
sponding to 0. 

From the above we have directl}' 

^pdp = 0, 

or the tangent is perpendicular to the radius vector drawn to the 

point of tangency. ' 

By means of this property we may 
-B write the equation of the tangent as 
follows : let ir be the vector to any point 
of the tangent, as b (Fig. 69), c being 
the initial point and p the vector to p, 
the point of tangency. Then 

S/)(7r — p) = 0, 




So7r=-?'21 



S- = l 
P 



(212), 



are the equations of a tangent. Since nothing restricts the line 
to one plane, they are also the equations of the tangent plane to 
a sphere. 
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The above well-known property may also be obtained by 
differentiating Tp = Ta ; whence, Art. 67, 2, 

^pdp = 0, 

» 

and therefore p is perpendicular to the tangent line or plane. 

81. CJiords of contact. 

In Fig. 69 let cb = ^ be the vector to a given point. The 
equation of the tangent bp must be satisfied for this point ; 
hence, from Equation 212, 

S)gp = -r2, 
or 

S)8o-=-?'2 (213), 

which is equall}' true of the other point of tangency p,' and being 
the equation of a right line, it is that of the chord of contact ppI 
And for the reason previously given, it is also the equation of 
the plane of the circle of contact of the tangent cone to the 
sphere, the vertex of the cone being at b. 

82. Exercises and Problems on the Circle and the 
Sphere. 

In the following problems the various equations of the plane, 
line, circle and sphere are emplo3^ed to familiarize the student 
with their use. Other equations than those selected in an}'^ 
special problem might have been used, leading sometimes more 
directl}^ to the desired result. It will be found a useful exercise 
to assume forms other than those chosen, as also to transform 
the equations themselves and interpret the results. Thus, for 
example, the equation of the circle (209) , 

p*-2Spa = 

may be transformed into 

Sp(p-2a) = 0, 
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which gives immediately (Fig. 70) the propert}- of the circle, 

that the angle inscribed in a semi-circle is 
a riglit angle. Obviousl}', this includes the 
case of chords drawn from any point in a 
sphere to the extremities of a diameter, and 
the above equation is a statement of the prop- 
osition that, p being a variable vector, the 
locus of the vertex of a right angle, whose 
sides pass through the extremities of a and 
^ — a, is a sphere. 

Again, with the origin at the center, we have (Fig. 71), 

(p-f.a) + (a-p) = 2a, 

and, operating with X 8 • (p — a) , 

S(p -t- a) (p - a) = ; 

.'. p is a right aiigle. This also follows from 
Tp = Ta , when ce p^ = a^ and S (p + a) (p— a) = 0. 
Again, from Tp = Ta, 

T(p-ha)(p-a) = 2TVap. 

The first member is the rectangle of the chords pd, pd' (Fig. 71), 
and the second member is 




2oD .OP sinDOP. 

Hence the rectangle on the chords drawn from any point of a 
circle to the extremities of a diameter is four times the area of 
a triangle whose sides are p and a. 

Also, from Tp = Ta, 

P = — ^^ 

and for an}* other point 

.-. S(p'-fp)(p'-p) = 0. 

But p'— p is a vector along the secant, and p'-h p is a vector 
along the angle-bisector ; now when the secant becomes a tan- 
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gent, the angle-bisector becomes the radius ; therefore the radius 
to the point of contact is perpendicular to the tangent. 

1 . The migle at the center of a circle is double that at the cir- 
cumference standing on the same arc. 



We have 



and therefore, Art. 5G, 18, 



Tp = Ta, 



whence the proposition. 

2. In any cirde^ the square of the tangent equals the product 
of the secajit and its external segment. 



In Fig. 69 we have 



Fig. 69 (bis). 

P 



or 



CB = CP -|- PB, 
..•. CB^=CP-H-PB^ 

PB-=CB-— cr' 

= CB^— CD^, as lines, 

= BD • BD'. 



3. The right line joining the points of intersection of two circles 
is perpendicular to the line joining their centers. 

Let (Fig. 72) cc' = a, cp = p, cp' = p\ and r, r' be the radii 
of the circles. Then 




also 

Hence 
or 



{p^aY^^r^^-, 

Spa = Sp a, 
Sa(p - p') = ; 




hence pp' and cc' are at right angles. 
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4. A chord is draivn parallel to the diameter of a circle; the 
radii to the extremities of the chord make equal angles with the 
diameter. 

If p and p' be the vector-radii, 2 a the vector-diameter, then 
ica = the vector-chord, and 

(p'— aja)^ = — r^, 
(p-h»a)2 = — r*, 

whence the proposition. 

5. i/* ABO is a triangle inscribed in a circle^ show that the vector 
of the pi'oduct of the three sides in order is parallel to the tangent 
at the initial point. [Compare Art. 55.] 

If AB = )8, CA = y, and o is the center of the circle, then 
- V(ab . bc . ca) = V . P(p + y)y 

jE^r, c and b being points of the circumference satisfying 
p^ — 2Hpa = [Eq. (209)], substituting and operating with 

S . aX 

S . aV(AB . BC . ca) = 2 Sa^Say - 2 Sa/SSay = 0. 

Hence V(ab . bo • ca) is perpendicular to a, or parallel to the 
tangent at a. 

6. The sum of the squares of the lines from any point on a 
diameter of a circle to the extremities of a parallel chord is equal 
to the sum of the squares of the segments of the diameter. 

Let pp' (Fig. 73) be the chord parallel to the diameter ddJ 
Fig. 73. o the given point, and c the center of the 

circle. Let cp = p, cp' = p\ oc = a, op = )8 
and op' = P'. Then 

Op2 = -^2^-(a2-f2Sap4-p'), 

OP"^ = - ^'2^ - (a* 4- 2 Sap'-h p'') ; 

... 0p2 + 0P'2=2002-f-2Dc2-2(Sap+Sap'). 
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But 

S(p - p') (p 4- p') = S(p -h p')a:a = 0. 

Therefore 

Sap + Sap' = 0, 

and 

Op2 + OP'2 = DO^ + od'2. > T 

7. To find the intersection of a plane and a sphere. 

Let p^ = — r^ be the equation of the sphere, 8 a vector-perpen- 
dicular from its center on the plane and T8 = d. Then, if /J be » 
a vector of the plane. 

Substituting in the equation of the sphere, since S/88 = 0, we 
have 

the equation of a circle whose radius is Vr^ — d'\ and which is 
real so long as d<r, 

8. To find the intersection of two spheres. 

Let the equations of the given spheres be (Eq. 207) 

p2-2Spy = c2-7^, 
p2_2Spy=c'2-r'2. 

Subtracting, we have 

2 Sp (y — y ') = a constant. 

The intersection is therefore a circle whose plane is perpen- 
dicular to y — y! the vector-line joining the centers of the spheres. 
Assuming (Eq. 210) 

T(p-y) = Ta and T(p-y') = Ta,' 
show that 2 Sp(y — y') = a constant^ as above. 
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9. Tlie planes of intersection of three spheres intersect in a 
right line. 

Let y\ y'\ y"' be the vector-lines to the centers of the spheres, 

and their equations 

p2 _ 2 Spy' = c', 
p2 _ 2 ^pyf = c", 

'p2_2Spy'"=c-'". 

The equations of the planes of intereection are, from the pre- 
ceding problem, 

2Sp(y'-y")=c"-c', («) 

2Sp(y'-y'")=c'"-c', (b) 

2S,o(/'-y'")=c'"-c". (c) 

Now, if p be so taken as to satisfy (a) and (6), we shall 
obtain their line of intersection. But if p satisfies (a) and (^), 
it will also satisfy their difference, which is (c) ; the planes there- 
fore intersect in a right line. 

10. To find the locus of the intersections of perpendiculars from 
a fixed point upon lines through another fi^ed point. 

Let p and p' be the points, pp' = a, and 8 a vector-perpen- 
dicular on any line through pJ as p = a + x^. Then 

and operating with 8 . 8 X 

which is the equation of a circle (Eq. 299) whose diameter is pp! 

11. Frorti a fixed point p, lines are drawn to points^ as 

p', p", of a given right line. Required the locus of a point o 

on these lines, such that pp' • po = m^. 

Let the variable vector PO=p ; then pp'=a;p. By the condition 

T(pp' . Po)= m^ 
or 

T(xp*p)= m^; 

.'. xp^ = — m^. 
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If 8 be the vector-perpendicular from p on the given line, 

and T8 = d, 

S3(ir/)-8) = 0, 

or 

a;S5p = — d^ ; 

••• f>' = ^S8p; 

hence the locus is a circle through p. 

12. If through any x^o'uit chords he drawn to a circle^ to find 
the locus of the intersection of the pairs of tangents drawn at the 
points of section of the chords and circle. 

Let the point a be given by the vector oa = a, o being the 
initial point taken at the center of the circle. Let p' = or be 
the vector to one point of intersection r. The locus of r is 
required. The equation of the chord of contact is (Eq. 213) 

Sp'o- = - 9-2, 

which, since the chord passes through a, ma}'^ be written 

Sp'a = - r-', 

where a is a constant vector. The locus is therefore a straight 
line perpendicular to oa (Eq. 180). 

13. To find the locus of the feet of perpendiculars drawn through 
a given point to planes passing through another given j)oint. 

Let the initial point be taken at the origin of perpendiculars, 
a the vector to the point through which the planes are passed, 
and 8 a perpendicular. Then 

SS(8-a)=0, 

or 

82-Sa8=0 

is true for any perpendicular. Hence the locus is a sphere whose 
diameter is the line joining the given points. , 
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Otherwise : if the origin be taken at the point common to the 
planes, and the equation of one of the planes is S8p = 0, then 
the vector-perpendicular is (Eq. 198) 

8-' S5a, 
and, if p be the vector to its foot, 

p= OL — 8"^ SSa, 

or 

p — a = — 8"^ SSa, 

whence 

(p-a)2= 8-2(S8a)2, 

and 

Adding the last two equations 

p^ — So/0 = 0, 
or 

which is the equation of a sphere whose radius is T- and center 
is at the extremity of -, or whose diameter is the line joining 
the points. 

14. To find the locus of a point p which divides any line os 
drawn from a given point to a given plane, so that 

OP • OS = m, a constant. 

Let 0T = p and os = <r ; also let SSo- = c be the equation of the 
plane. We have, b}^ condition, 

T/oTo- = m, 
and 



and 



Up: 


= U<r; 


.-. Td-. 


m 


cr- 


mVp 
- Tp 




mp 
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Substituting in the equation of the plane 

mSS/D -h cp2 = 0, 

which is the equation of a sphere passing through o and haying 
m 

OD 



— for a diameter. 



15. To find the locus of a point the ratio of whose distances 
from two given points is constant. 

Let o and a be the two given points, oa = a, or = p, r being 

a point of the locus. Then, by condition, if m be the given 

ratio, 

T(/) — a) = mT/3, 



whence 



or 



(l-m2)p2=2Sap-a2 

= 2Sap-i^a^ 

1 — m^ 

2_ 2 Sap , g^ _ ff^^o? . 
P 1 _ ^2 "^ (1 - w?Y "" (1 - my ' 

m 
which is the equation of a sphere whose radius is T -a, and 

^ 1— m^ 

whose center c is on the line oa, so that oc = -a. (Eq. 210) . 

\—m^ 

16. Given two points a and b, to find the lociis ofp when 

AP' + BP" = OP . 

o being the origin, let OA = a, ob = /?, op=/3. Then, by 
condition, 

whence 

p2_2Sp(a + ^) = -(a^ + ^), 
[p-(a + /8)]^ = 2 Sa/8, 
T[p-(a + ^)] = V-2Sa;8, 



.* «.j 
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which is the equation of a sphere whose center is at the extremity 
of (a-{-/S), if SajS is negative, or the angle aob acute. If this 
angle is obtuse, there is no point satisfying the condition. If 
AOB = 90°, the locus is a point. 

83. Exercises in the transformation and inteiyretation of 
elementary symbolic forms, 

1 . From the equation 

derive in succession the equations 

T(/3 + a) = T(p-a) and T^^^= 1, 

p — a 

and state what locus the}' represent. 

2. From the equation 

a a 

derive S3'mbolicall3' the equations 
ap-f-pa==0, S- = 0, SU- = 0, (u-)=-l, and TVU- = 1, 

and interpret them as the equations of the same locus. 

3. Transform 

p — a 

S^^ = 

a 



P pa 

S-=l and SU-=T-i 



to the forms 

and interpret. ^ ^ P 

4. Transform S^— ^ = to S- = S-^ and interpret. 

a a a 

5. Transform (p ~ )8)' = (p - a)^ to T(p -)S) = T(p - a), 
and interpret. 

p p 

6. What locus is represented b}^ K = ? 
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! 7. What by (- =-1? By -^-a^? 

8. WhatbyU^=U^? Up = U)9? U^=l? 

P 1^. 

9. U- = -U-? 

a a 



" 10. (uy°=u^? 



11. V^ — ^ = 0? Y? = V-? 

a a a 

12. T-=0? 

a 

13. -K- = «2? 
a a 

14. su- = su-? su- = -su-? (su-)=(su-)? 

a a a a \^ ay \ ay 

15. Tp = l? 

16. Transform (p — - a)^ = a- to T(p — a) = Ta, and interpret. 

17. Under what other form ma}' we write (p — tt)-= (/8— a)^? 
Of what locus is it the equation ? 

18. p2 -f- a^ = ? p2 _^ 1 = ? Translate the latter into Car- 
tesian coordinates, hy means of the trinomial form, and so deter- 
mine the locus anew. 

19. T(p-)8)=T()S-a)? 

20. Compare SU - = T- and S- = 1 with the forms of Ex. 3. 

pap 

21. What locus is represented by S/8p -f p^ = when T^ = 1 ? 

22. fcY-rV^Y=l? 



a/ \ a 



23 



• ('aj=-'- 



24. Show that V • Va)8Vap = is the equation of a plane. 
What plane? [Eq. (112)]. 
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The Conic Sections. 

CaHeslan Forms. 
84. The Parabola. 
Resuming the general form of the equation of a plane curve 

from the relation y^ = 2px, we obtain 

P = ^a + yfi ^^^^^ 

for the vector equation of the parabola when the vertex is the 
initial point. If the latter is taken anywliere on the curve, from 
the relation y- = 2p'x^ we obtain 

P = ^,« + y/3 (215); 

and if the initial point is at the focus, then }f = 2px -f-/r gives 

P = i'(f-P')<^-^yP .... (216); 
2p 

or again, in terms of a single scalar t^ 

P = '^'« + <^ (217). 

In Equations (214), (215) and (216), a and fi are unit vectors 
parallel to a diameter and tangent at its vertex, being at right 
angles to each other in Equations (214) and (216) ; in Equation 
(217) a and fi are any given vectors parallel to a diameter and 
tangent at its vertex, the initial point being on the curve. 

85. Tangent to the parabola. 

From Equation (216) we have for the vector along the tangent 
(Art. 62) 






TT 
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and, therefore, the equation of the tangent is 

= ^iy'-p')<^ + yP + Y(ja+p\ . . (218). 

From Equation (217) the vector along the tangent is 

and the equation of tlie tangent is 

x = ^a + f/J-ha;(^tt + ^) .... (219). 

Ml 

If p be the vector to a point on the diameter of a parabola, the 
point being given b}" the equation 

p = ma -I- ?i/S, (a) 

and a tangent to the curve be drawn through this point, then 
(«) must satisf}' the equation of the tangent-line and 

ma -f W/S = ^ a -h ^)3 -f X{ta. -\- /?) , 

whence ^ 

m=^--\-xt and w = ^ -f- a?, 

il 

or ,— 

i = 7i±VH- — 2m; (6) 

hence, in general, two tangents can be drawn to the curv^e through 
the given point. When 7i^ = 2 m, they coincide ; in this case, 
from (a), ^^2 



the point being on the curve. If 2m > w^, t is imaginary, and 
no tangent can be drawn ; in this case (a) becomes 



=(f-)- 



+ ny3, 



the jx>int being within the curve. 
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Fig. 74. 



86. Examples on the parabola. 

1 . The intercept of the tangent on the diameter is equal to the 

abscissa of the x>oint of contact. 

Since the tangent is parallel to 
the vector ta -|- )S, or to any multiple 
of it, it is parallel to fa-^ t^ or to 

[^a -^tp-^ fa, that is, to (Fig. 74) 




But 



OP -h ox. 

TP = TO + OP ; 
TO = ox. 



2. If from any point on a di- 
ameter p7'oduced^ tangents be dratvn^ 
the chord of contact is parallel to the 
tangent at the veiiex of the diameter. 

If V and ^" correspond to the 
points of tangency, we have for the vector-chord of contact 



rr2 



\^n 



4r£ fllX 



which is parallel to 



t'-^t" 



or, from Equation (6), Art. 8.5, to 

which is independent of m. 

3. To find the locus of the extremity of the diagonal of a rect- 
angle whose sides are two chords draivn from the vertex. 

Let OP and op' be the chords. Then 



OP=p = ^a-|-2^/J, 



2p 

.12 



OP 



^ 2p ^ ^ 



(a) 
(&) 
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The vector-diagonal w' is p -|- pi or 



O) = 



a-|-(2/~y')iS, 



2p 

which may be put under the form of the equation of the parabola 
by adding and subtracting — ^ a, giving 

But, by condition, Spp' = 0. Hence, from (a) and (6), Sa/J 
being zero, 

yy'-^ = 0, .:yy' = {2p)% (d) 

which in (c) gives 

&' = ^^^i^'« + (y - y')i8 + 'I/'-- 

Changing the origin to the extremit}' of 4pa, 



!^ = %^-+iy-y')P- 



Hence the locus is a similar parabola whose vertex is at a 
distance of twice the parameter of the given parabola from its 
vertex. 

Moreover, from (f?)» xx' = {2py. Hence the parameter is a 
mean proportional betioeen the ordinates and the abscissas of the 
extremities of chords at right angles, 

4. If tangents be drawn at the vertices of an inscribed triangle^ 
the sides of the triangle produced will intersect the tangents in three 
points of a right line. 

Let opp' (Fig. 74) be the inscribed triangle, and one of the 
vertices, as o, the initial point. Then, for the points p and p' 
respectively, we have 
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Let TTj, ir2, TTg be the vectors to the points of intersection ; then 



Also 



TTi = OP + PSi = - a -f ^^ -h X(ta -f- yS) . 
.-. ^l + xt = ^, t-hx = x't; 



x' = 



f 



2tt'-t'^ 



Hence 



-=2i^(f+''^)=2737.(r+^> 



In a similar manner 



But 



f' ft ,^\ 
TTg = OP -h ?/Pp' = OP 4- 2/ (p'— P) 



= |'a + ^)S-f-y 



Also 



r-^2 



2 



a + («'-0/?1- 



2 ^ 2 






Hence 



Now 
2t-t' 



= 0, ^4-3^(«'-0 = 2» 

2 = .. 

""3== j/^' 



t 

Also 



^1- ^^^2- ^-^^ 



2^-^' 2^'-^ f^t'^ 



t' 



tV 



= 0. 



Hence tti, 7r2 and Trg terminate in a straight line. 
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5. The principal tangent is tangent to all circles clescinbed on 
the radii vectoi'es as diameters. 

Fig. 75. 

Let AP = p (Fig. 75) , a and fi 
being unit vectors along the axis d 
and principal tangent. Then, if 
the circle cut the tangent in t, 
and TC be drawn to the center, 

T(tc) = T(fc) = T(^FP) ; 
.♦. TC^ = ^{p — may. 

Also 

TC = TA + AF -h FC 

= — 2)8 -f- ^^ia -h i(p— ma) , 
TC^ = [— 2!^ + ma 4- i (p — ma)] ^. 

Equating these values of to-, 
we have, since Hfia = 0, 




z^P" - z^pp -h mSap = 0, 

0, 



y 



.-. z' — zy-\-^ = 



which gives but one value for z. 



6. To find the length of the curve. 

It has been seen (Art. 62) that, if p = <^(j^) be the equation 
of a plane curve, the differential coefficient is the tangent to tlie 
curve. Hence, if this be denoted by p' = <^'(0, Updt is an 
element of the curve whose lensfth will be found bv intesTatingr 
Tp' with reference to the scalar variable involved between proper 
limits ; or 



s 



-.„=jrv. 



For the parabola 



y 
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we have 









7. Tojiiid the fwea of the aim^e. 

With the notation of the previous exsunple* twice the area 
swept over b}* the ra^lhi** vector will be meajwireil by ( Xit^ 41, 7) 
Tfpp'flt, The area will tlien be foiiml by integratin<j TTpp' witli 
referen<?e to the involved scalar I jet ween proper limit* and tafc^'rig 
one-lialf the result ; or 

For tlie paraljola 



or, since a^= \)(f. 






From the orijpn, where yo = ^t to any point whose ordinate is 
y, the area of the sector swept over by p is — — ^ = ijry ; adding 

the area ^xy of the triangle, wliicfa, with the sector, makes op 
the total area of the half curve, we have f Jry, or two-thirds that 
of the circumscribing? rectansjle. Tlie oriidn mav be ehansred to 
any point in the plane of the curve, to which the vector is y, bv 
substituting the value p = y -f- ^ in the equation of the carve, 
pi l)eing the new radius vector ; we may thus find any sector area 
limited by two positions of pi, the vertex of the sector being at 
the new origin. Thus, transferring to an origin on the principal 
tangent, distant h from the vertex, p = hp-\'pi; which, in the 
equation of the parabola, gives 
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integrating, as before, between tlie limits y = b and y = 0, 

87. ReUttions between three intersecting tangents to the Parabo- 
la. ["Am. Journal of 

Matb.," vol. i. p. 379. *■'»■ "" 

M. L. Hoi man and 
, E. A. Engler.] 

Let pi, pj, p3 be tlie 
vectors to tlie three 
l>ointa of tangencj-, Pi, 
Pj, Pj [Fig. 76], and 
TTi, TTj, Wj the vectora to 
S], Sg, Sg, tlie points of 
intersection of the tan 
gents. Resuming Equa- 
tion (216) , where the 
focus is the initial 
point, and a and are 
unit vectors along the 
axis and the directrix, 

P = j^y-p'')'^ + (")■ 

Since p' = — (Tp)', and Sa^ = 0, we have for the three points 



Tlie vector along the tangent ia 
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and therefore 

T, = ^ -I- P,S, = i(y/ _y)a +yfp+z (yJa. + A 
T, = ft, + P,s, = — (y/ -i)»)a + ys/? + J^-la + ^"j ; 

whence, equating the coefficients of a and p, 

whence, substituting, and by the cjclic permutation of the sub- 
scripts, « 

■^t = ijy^y^y^ - P*)" + i(yi + y,)P 



From (6) 



'f'^'*''" = 74i(y3' +r^) (yi' +P') 



and from (c) 



('f'^')' = TTiCy^' +i>') te' +/'^) 






. 



and from (d) and (e) 



J 



(Tx,)* = T/„Tp2l 
(T,rj)«=Tp,Tp, 



(c) 



W, 



(e), 



(/). 



» 
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From (c) , it appears that the distance of the point of intersec- 
tion of two tangents from the axis is the arithmetical mean of the 
ordinates to their points of contact. From (/), that the distance 
from the focus to the point of intersection of tico tangents is a 
mean proportional to the radii vectores to the points of contact. 

1st. If p2 becomes a multiple of ^, 

p, = ^{yi-p')a-^y2P = zp; 
2p 

... z = y2 = ±P' 

Or, the parameter is the double ordinate through the focus^ or 
twice the distance from the focus to the directrix. 



Fig. 77. 




2d. If pi is the multiple of p^ (Fig. 77) , then pa - pi is a focal 

chord, and 

xp<> = pi, 

or, from (a) , 

x\^{y!-p')a + y2p'\ = ^{y?-'P'> + yiP^ 
\jip J ^i> 



whence 



x = 
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or 
and 

From (a) and (c) 



4i;2 

or, a Zme from the focus to the intersection of the tangents at the 
extremities of a focal chord is pei'pendicular to the focal chord. 
The vectors along the tangents are 

Pi — iTg and p2 — ^3> 
and, from (A), 

or, ^7ie tangents at the extremities of the focal chord are j^^n^^n^ 
dicular to each other. 
Since, from (g) , 

yiy2 =—p^^ 

we have 

Ts = ^ (^1^2 - p')a + J (yi + y2)P 
= -i?a + Kyi + y2)^, 

or, the tangents at the extremities of a focal chord intersect on 
the directrix, 

3d. If Pa becomes a multiple of a (Fig. 78), ^2 = 0, and from 

'^s = -^ (2/22/1 - i>')a + i (2/1 + 2/2)^ 
2p 

or, ^/te subtangent is bisected at the vertex. 
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Also 



'^s — pi 



27/ "2^- 



2j> 



d + ViP 



) 



Operating with S . wg X 



S7r,(^3 - Pi) = ?^ - 2(L = 0, 

4 4 



or, cf p€'ij>enclicular from the focus 07i the tangent intersects it on 
the tangent at the vertex. 

Fig. 78. 




Again, since ir^ is parallel to the normal at Pi, the latter may 
be written, from (i), 



whence 



or 



XTr^ = x(-^a-^^^ = Za-^y,P^ 



2! — — i*?^' yi~-^*"2' 



a? = 2, z = — i)\ 
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hence, tJte subnormal is constant; and the normal is twice the 
perpendicular on the tangent from the focus. 
The nonnal at P| may l)e written 

Xir^ = — 2to -|- pi. 
Of 

whence, from (6), 

a?=2, and J= ^{y,^ ^p') = Tp,', 

'Ip 

or, the distance from the foot of the normal to the focus equals 
the radius vector to tJie point of conta^t^ or the distance from the 
point of contact to Oie directrix^ or the distance fr&m the focus to 
* the foot of the tangent. 

The iX)rtion of the tangent from its foot to the point of con- 
tact ma}' Ije written «a-h/>i, in which z has just been found. 
Hence 

2^ -h pi = — {Vi + /r ) a -h — {Vi -p')a + yiP, 
2p 2p 

or 

Vi' 

the ix>rtion of the tangent from the foot of the focal perpendicu- 
lar to the i)oint of contact is 

- T, + p, = ^a - 1)8 + 1 (yi' - p')a + y,p, 
or 

2 

or, comparing {j) and (A), the tangent is bisected by the focal 
perpendicular^ and hence the angles between the tangent and the 
axis and tlie tangent and the radius vector are equals and the 
tangent bisects the angle between the diameter and radius vector 
to the point of contact. 
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Ck) is also the perpendicular from the focus on the normal, 
and shows that the locus of the foot of the pei^endicular from the 
focus on the normctl is a 2)Cirabola, tvhose vertex is at the focus of 
the given parabola and whose parameter is one-fourth that of the ' 
given parabola, 

88. The EUipse. 

1 . Substituting in the general equation p = xa -\- yfi the value 
of y from the equation of the ellipse referred to center and axes 

a^y^-\-b^x^ = ci^b'^, 

we have 

. p=a;a + mi(a2-x-2)i^ .... (220), 

52 

in which m = — and a and )8 are unit vectors along the axes. 

a^ 

For unit vectors along conjugate diameters, the equation of the 

ellipse becomes 

p = a;a + m'i(a'2-a^)4^ .... (221). 

Again, if <^ be the eccentric angle, the equation of the ellipse 
ma}' be written in terms of a single scalar variable, 

p = COS </> • a -|- sin <^ • /? . . . . (222). 

2. From Eq. (220) we have, for the vector along the tangent, 

a-mh(a^-x'y-'^xl3 = a--^ ^ — B^a-—p 

Vm Va'* — XT y 

= X {ya — mx^) ; 
hence, for the equation of the tangent line, 

Tr = xa-{-yP-{-X(ya — mxl3) . . . (223); 

or, more simpl}^ from Eq. (222), the vector-tangent is 

— sin <j!) • a + cos • )S, 
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and the equation of the tangent is 

IT = eos<^ • a 4- sin </> • /8 + a;( — sin <^ • a + cos</> • )8), (224). 

Since — sin <^ . a -f- cos <^ • /8 is along the tangent, cos <^ . a -f 
sin <^ . /S and — sin <^ • a + cos <^ • fi are vectors along conjugate 
diameters. 

89. Examples on the Ellipse. 

* 

1. Tlie area of the parallelogram formed by tangents dratvn 
through the vertices of any pair of conjugate diameters is constant. 

We have directl}' 

*TV[2(cos</» . a-hsin<^ . )9)2(— sin</» . a-f cos<^ . /?)] 

= 4 TVa/3 = a constant; 

namely, the rectangle on the axes. 

2. Tlie sum of the squares of conjugate diameters is constant^ 
and equal to the sum of the squares on the axes. 

For, since Sa/? = 0, 

(cos <^ • a -f- sin <^ . )3) - + ( — sin <^ . a + cos </> • jSy = a^ -\- fil^, 

3. The eccentric angles of the vertices of conjugate diameters 
differ by 90? 

The vector tangent at the extremity of 

p = cos<^ . a + sin<j!» . )S (a) 

is 

— sin <^ • a -f- cos <t> • P* 

This is also a vector along the diameter conjugate to p, and is 
seen to be the value of p when in (a) we write <^ -|- 90° for <^. 

4. The eccentric angle of the extremity of equal conjugate diam- 
eters is 45° and the diameters fall upon the diagonals of the 
rectangle on the axes. 
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5. The line joining the points of contact of tangents at right 
angles to each other is parallel to the line joining the extremities 
of parallel diameters. 

6. Tangents at right angles to each other intersect in the cir- 
cumference of a circle. 

7. If an ordinate pd to the major a^is be produced to meet the 
circumscribed circle in q, then 

QD : Pi> : : a : 2>. 

8. If an ordinate pd to the minor axis meets the inscribed circle 

in Q, then 

QD : PD : : 6 : a. 

9. Any semi-diameter is a mean proportional between the dir- 
tances from the center to the points ichere it meets the ordinate of 
any point and tM tangent at that point. 

For the point p (Fig. 82) wc have 

p =r cos <^ . a -}- sin <^ • p. 
Also 

OT = XOT = OQ + QT 

= a;(cos <^ . a 4- sin <^ • P) 

= cos<^'. a + sin<^'. ^ + ^( — sin<^'. a-f-cos</>'. P). 

Eliminating t^ ^ 

x = 



cos(<^— <^') 
or J 

OT = a;op = — tttOp- 

cos(<^ - <^ ) 

But 

ON = a'oP = OQ -f- QN 

= aj'(cos</) .a-l-sin*^ . P) 

= cos<^'. a + sin<^'. /3 + «'( — sin^ . a -f cos<^ . /?) 

Eliminating t', 

X* = cos(<^ — </>')» 

or 

ON = cos(<^ — <^')op; 

.-. ON • 0T = 0P^. 
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10. To find the length of the curve. 

With the notation of Ex. 6, Art. 86, we obtain, from Eq. 
(222), 

p'= — sin <^ • a -h cos <fi . p^ 

X<l> 
V(a*-62^sin2</»-|-6*, 

which involves elliptic functions. If a = b^ we have, for the 
circle, s — So = 1 r = r (<^ — f^o) . 

From Eq. (220) , we obtain 



p'= a. — mi (a' — se') -^xfi, 




Tp'-Jl+ '^ ^- « J\ 


eV 


8 — Six — 1 - -% 1 


a2 







which ma}' be expanded and integrated ; giving for the entire 
curve 

2 7ra f 1 etc. 1, 

V 2.2 2.2.4.4 2.2.4.4.6.6 / 

a converging series. If e = 0, we have, for the circle, 2irr, 

11. To find the area of the ellipse. 
With the notation of Ex. 7, Art. 86, 

T\pp^=z TV(cos<^ . a + sin<^ . )S) (— sin<^ . a -f cos<^ . /8) 
= TV(cos2<^ . ap - sin2</» . fia) = TVa^ ; 

A 

or, since afi == 90° ^^^ 



if ^r\pp'=\irdb. 



The whole area is therefore irab. 
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90. The Hyperbola. 

1. Let a and p be unit vectors parallel to the asymptotes. 
Then, from the equation, 

.Ty= y =m, 
4 

we have, for the equation of the h3'i>erbola, 

p = xa-j--l3 (225); 

X 

or, if a and p are given vectors parallel to the as^^mptotes, 

p = <a+| ...... (226); 

or, again, in terms of the eccentric angle, 

p = sec<^ . a + tan<^ . )3 . . . . (227). 

2. The equation of the tangent, obtained as usual, is from 
Eq. (226), 

p = ^a-|-^-fa;Ua-|^. . . . (228), 
where ?a — ^ is a vector along the tangent. 

91. Examples on the Hyperbola. 

1. TjT, ivhen the hyperbola is refen*ed to its asymptotes^ one 
diagonal of a imrallelogram whose sides are the coordinates is 
the radius vector^ the other diagonal is parallel to the tangent. 



\ If (Fig. 79) ex = /a, xp =^, then 



t 

CP = fa-h^, QX=<a— — ; 
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but ta^^is parallel to the tangent at p (Art. 90). 
ta—Li are evidently conjugate semi-diameters. 

V 

Fig. 79. 



ta-^E and 




2. A diameter* bisects all chords parallel to the tangent at its 
vertex. 

Let (Fig. 79) cp be the €liameter, t corresponding to the 

point p. The tangent at p is parallel to ?a — -^ and cp = ia -f ^. 
p'p" being the parallel chord, 



t 



or 



CP'=r CO -h OP'= x(ta +^ j ^y(ta — ^\ 

Also, if i' correspond to p; 
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Hence, for eveiy point, as o, determined b}' a;, there are two 
points p' and p", determined b}- the two corresponding values 
of y, which are equal with opposite signs. 

3. The tangent at Pj to the conjugate hyperbola is parallel to 
cp (Fig. 79). 

4. The portion of the tangent limited by the asymx>tote8 is 
bisected at the point of contact. 

5. If^ from the point d (Fig. 79), where the tangent at p meets 
the asymptote^ dn be drawn parallel to the other asymptote^ then 
the poHion of pn produced^ which is limited by the asymptotes^ is 
trisected at p and n. 

We have /^ « 

CP = <a4-y; 

.•. PN = CN — CP = <a — -^, 

2« 

and the equation of ss' is 

whence, for the points s, s) 

a; = — 1, a =2. 

6. The intercepts of the secant betioeen the hyperbola and its 
asymjytotes are eqiad. 

The vector along the tangent parallel to the secant is ia — -. 
Hence (Fig. 79) ^ 

Cr' =^Za = X[ta-\'~] -f- 



"=z'^=.x(ta + fj+y'(ta-fj, 



y = -y'; 



but op" = op' (Ex. 2), and therefore p"k" = p'eI 
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7. If through any point p" (Fig. 79) a line r"p'r' he drawn 
in any direction^ meeting the asymptotes in r" and r', then 

p"r". p'r' = pd''. 

8. If through p[ p" (Fig. 79) lines he draicn parallel to the 
asymptotes^ forming a parallelogram of which p'p" is one diagonal^ 
the other diagonal will pass through the center. 

The vector from c to the farther extremity of the required 
diagonal is 

But <"a + ^ is the vector from c to the other extremity" of the 
required -diagonal. 

9. If the tangent at any point p meet the transverse axis in t, 
and PN he the ordinate of the lyoint p ; the^i 

CT • ex = a^, 

c being the center and a the semi-transverse axis. 
From Eq. (227) , substituting in ct = op -|- pt, 

a;sec<^ • a = sec<^ • a + tan<^ •)8-hy(tan</>sec</) . a + sec^<^ • jS); 

1 

.-. a; = , 

sec^<^ 

and 

CT • CN = {X sec <^ • a) (sec <^ . a) = a*, 

or 



CT • CN = a-. 



10. If the tangent at any point p meet the conjugate axis at t,' 
and pn' he the ordinate to the conjugate axis, then 

ct' . cn' = h'^, 
c being the center and h the semi-conjugate axis. 
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92. The preceding examples on the conic sections involve 
directl}' the Cjirtesian fomas. A method will now be brieflj' 
indicated peculiar to Quaternion anal3'sis and independent of 
these forms. 

1 . The general form of an equation of the first degree, or as 
it ma}'^ be called from analogy, a linear equation in quaternions, is 

aqb -h a'g6'+ a"qb"-h = c, 

or 

2a^6 = c, (a) 

in which q is an unknown quaternion, entering once, as a factor 

onl}', in each term, and a, b, aj b', , c are given quaternions. 

It may evidently be written 

SSagft -h Vfaqb = Sc -f- Vc, • 
whence 

5Sceg5 = Sc, (b) 

Vfaqb = Y&. (c) 

But 

Sag& = ^ba = SgS6a -f S . VgV6a, 
and 

Yaqb = Y (Sa -f Va) (S^ + Y^) (SZ> + Y6) 

= Y . S^(Sa + Yce) (^ + Y6) 

+ Y(SaY^S& + SctYgYft + YaYqHb + YaYqYb) 

= S^Ya^ + Y(SaS6 - SaY6 -f S5Ya) Yg 

+ Y . YaYgY6 + Y . YaXbYq - Y . YaYbYq 

[Eq. (116)] = SgYa6 + Y(SaS6 - Sc(Y6 + SbYa - YaY&) Yg 

+ 2YaS .YqYb 

= SqYab + Y . a(K&)Yg -h 2 YaS . YgY6. 

We have therefore, from (b) and (c) , 

Sc = Sg2S6a + S . Yq^Yba, 

Yc = SgSYaft -f 5Y . a (K6) Yg + 2 SYaS . YqYb, 

or, writing 

2Sc(5 = c?, 2Ya6 = 8, SY6a = 8,' Sg = w;, Yg = p, 
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we obtain 

Sc = tod + S/)S; 

Vc = loS -f 2V . a(K6)p + 2 2VaS . pYb. 

We maj' now eliminate lo between these equations, obtaining 

Vc . d - Sc . 8 = dVfci (Kb)p - 8SpS'+ rf 2 SVaS . pYb 

which involves only the vector of the unknown quaternion g, and 

which, since V and S are commutative, ma}' be written under 

the general form 

^ y = \rp + S)SSap, 

in which y, a, a, ,*)S, )5I are known vectors, r a known 

quaternion, but p an unknown vector. This equation is the 
general form of a linear vector equation. The second member, 
being a linear function of p, may be written 

Yrp -\- ipSap =: 4>p = y .... (229), 

where <^p designates any linear function of p. If we define the 
inverse function </»"^ b}' the equatioir 

.-. p=<^-ly, 

the determination of p is made to depend upon that of <^~^ 

2. Without entering upon the solution of linear equations, it 
is evident on inspection that the function <t> is distributive as 
regards addition, so that 

<^(p-f/>'+ ) = <^p-fV+ • • • (230). 

Also that, a being any scalar, 

fl>ap = a<l>p (231), 

and 

d<l>p^<t>dp (232). 

3. Furthermore, if we operate upon the form 

<t>p = 2/3Sap + Vrp 
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with S . <r X , o- being any vector whatever, 

H(r<l>p = SS(o-/SSa/3) -h Scr(Vrp) . 

S((7)8Sap) = S(r)SSa/5 = SpaS^cr = S(paS/?o-) , 



But 

and 



S(<rVrp) = S[o-V(Sr + \r)p'] = S?-Strp + Scr(Vr)p 
= SrSpo- - Sy3(Vr)(r = S[pV(Kr)(r]. 



Hence, if we designate by <;f>'(r, 

a new linear function differing from <l> b}' the interchange of the 
letters a and )8, and Kr for r, we shall have, whatever the vectors 
p and (T, 

S((r</>p) = S(p</»'o-). 

Functions, which, like <^ and </>J enjoy this propert}', are called 
conjugate functions. The function <t> is said to be self-conjugate, 
that is, equal to its conjugate <^, when for an}' vectors p, o-, 

So-<^p = Spc^cr. 

93. In accordance with Boscovich's definition, a conic sec- 
tion is the locus of a point so moving that the ratio of its dis- 
tances from a fixed point and a fixed right line is constant. 



1. Let F (Fig. 80) be the fixed point pr 
focus, DO the fixed line or directrix, and p 

. FP D 

an}' point such that — = e, the constant ratio 

DP 

or eccentricit3\ Draw fo perpendicular to 
the directrix, and let FO=a, oD=2/y, PD=a?a 
and FP = p. By definition, 

Tp 



Fig. 80. 




= e, 



or 



Also 



T(pd) 
p2 = e'a^aK 



(a) 
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or 



Operating with S • a X , we have, since Say = 0, 

Sap + Xa? = a*, 
a^a* = (a2-Sap)^ 



Substituting in (a) 



aV=e*(a*-Sap)2 .... (233), 



in which e ma}^ be less, greater than, or equal to unit}'', corre- 
sponding to the ellipse, hyperbola and parabola. 



Fig. 81. 




2. For the ellipse, Fig. 81, putting p = QSa for the points 
A and aJ we have 



X = and a? = — ^ 



1-l-e 



1-e 



or, since p = Qca = xfo. 



FA = FO, 



l+e 



FA^= ^ FO, 



1-e 



whence 



and therefore 



AA' = 2a = 



2e 



1-e^ 



FO, 



FO = a, 
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which furnish the well-known properties of the ellipse, 

FA =«(1 — e), 
^ FA'=a(H-e), 
CF =a€, 

e 



AO = a, 



e 

3. Changing the origin to the center of the curve, let cf = a' ; 
then cp = p and p = p'— a, a' = f ) a ; whence 

a = — r— a. Substituting these values of p and a in 

remembering that a'^ = — a^e\ we obtain 

aV" + (Sa'p')2 = _ a*(i - e2) , 

or, dropping the accents, c being the initial point, 

aV + (Sap)2 = -a*(l-e2) ^ ^234), 

the equation of the ellipse in terms of the major axis with the 
origin at the center. If p coincides with the axes, Tp = a or 6, 
as it should. 

4. Equation (234) may be deduced directl}* from Newton's 
definition, thus: let cf = a (Fig. 81) as before, f and f' being 
the foci, and cp = p. Then 

FP = p — a, f'p = p 4- a, 

and, by definition, 

FP + f'p = 2 a 

as lines ; or 

T(p-a) + T(p-fa)=2a, 
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a being the semi-major axis. Whence 

V-(p-a)2 = 2a-V-(/o-|-a)2. 
Squaring ^ 

- p2 ^ 2 Spa - a^ = 4 a^ - 4 a V-(p+a)^ - p2 - 2 Spa - a», 

Spa — a^ __ _ ^ ^__ ^^ _|. ^^2^ 
Squaring again 

(Spa)2 - 2 a^Spa -f a* = - a-(p* + 2 Spa -h a«) , 

aV -h (Spa)2 = -a* - a^aS 

or, as before, 

aV -f (Spa)2 = - rt*(l - e"). 

94. 1. The equation of the ellipse 
niaj' be put under the form 






or, in the notation of Art. 92, writing 

g^p -f- aSap , 

a*(l-e«) ""^^^ 

the equation of the ellipse becomes 

Sp<^p=l (235). 

2. By inspection of the value of </>p it is seen that, when p 
coincides with either axis, p and <l>p coincide. 
Operating on <t>p with S • cr x , we have 

a J (t^ Strp -♦- StraSap 



-1 
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operating on d>o- = — ^f'T"^ ^^ witli S . p x , we have 

a*(l — €^) 

a J ^' S/JO" -|- S^jaSao* , 

a*(l — e-^) 
hence 

Sp<^(r = So-</>p (236), 

and <^ is self-conjugate. 

3. Differentiating Equation (235), we have 

ikip<t>p -f SpcZc^p = 0, • 

Mp<t>p -f Spsf>d,o = 0, [Eq. (232) ] 

Sp<^dp 4- Sp<^fZp = 2 Spc^dp = 0. [Eq. (236) ] 

If TT be a vector to an}- point of the tangent line, 

TT = p + xdp^ 

whence 

Sp<^(7r — p) = S(7r — p)<t>p = 0, (a) 

or 

S7r<^p = Sp</>p = Spc^TT = 1 . . . . (237) 

is the equation of the tangent line. 

From (a) we see that <^p is a vector parallel to the normal at 
the point of contact, being parallel to p onlj* when p coincides 
with the axes, as alread}' remarked. 

4. To transform the preceding equations into the usual Car- 
tesian forms, let i be a unit vector along ca (Fig. 81), and j a 
unit vector perpendicular to it. If the coordinates of p are x 
and ?/, then, since a = cf, 

p = xi + yj, 
and 

a^p -j- aSap _ a^(xi -|- yj) + aeiS • aei(xi + yj) 
"^P^" a*(l-e2) "" a\l-e') ^ 

__ a* xi{l — e^) -f a^ yJ 
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or, since 1 — er = — 

or 






... s^c/»p = l=~S. (x7-h2(;-)^g-h|j, 



and 

Again, if x' and y' are the coordinates of a point in the tangent, 

and 

c'^yy'+ h^xx' = a?W, 

Tlie above applies to the h^'perbola when e > 1, that is, when 
1 — e^ = ^, giving the corresponding equations 

d^yy'— b^xx' = — a^6^. 

95. Examples. 

1. To find the locus of the middle points of parallel chords. 

Let )S be a vector along one of the chords, as rq (Fig. 82) , 
the length of the chord being 2?/, and let y be the vector to its 
middle point ; then 

p = y + yp an^i p = y- yP 

are vectors to points of the ellipse, and 

whence, expanding, subtracting, and applying Equation (236), 

Syc^)8 = 0, 
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the equation of a straight line through the origin. Since <t>P 
is parallel to the normal at the extremit}' of a diameter parallel 
to )8, the locus is the diameter parallel to the tangent at that 
point. 




2. Equation of condition for conjugate diameters. 

Denote the diameter op (Fig. 82) of the preceding problem, 
bisecting all chords parallel to )8, by a. Then 



or 



Sa<^)8 = 0, 
^P4>a = 0. 



In the latter, fi is perpendicular to the normal <f>a at the ex- 
tremity of a, and is therefore parallel to the tangent at that 
point; hence this is the equation of the diameter bisecting all 
chords parallel to a. Therefore, diameters which satisf}' the 
equation Sa</>)3 = are conjugate diameters. 

3. Supplementally chords. 

Let pp' (Fig. 82) and dd' be conjugate diameters, and the 
chords PD, pd' be drawn. Then, with the above notation, 



and 



DP = a — )8, 
d'p'= a -f- )8, 

S(a+^)<^(a-i3) = S(a+/3)(<^a-<^^) 



208 



But 
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Sa</>a = 1 , S)8<^j8 = 1 , Sa<^)S = S^<^a ; 



Hence, if dp is parallel to a diameter, pd' is parallel to its 
conjugate. 

4. If two tangents he drawn to the ellipse^ the diameter parallel 
tj the chord of contact and the diameter through the intersection 
of the tangents are conjugate. 



Fig 82. 




Let TQ (Fig. 82) and tr be the tangents at the extremities of 
the chord parallel to /8, and or = tt. Then 

OQ = Xa H- yP^ OR = Xa + ?/'y8. 

From the equation of the tangent ^K(f>p = 1 , we have 

^Tr<f>{xa.-\-yP)=\, 

H7r<l>{xa + y'l3)=l. 

Expanding and subtracting 

Hence, Ex. 2, w and )8, or op and od, are conjugate. Tlie 
locus of T for parallel chorcjs is the diameter conjugate to the 
chord through the center. 
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5. If qoq' (Fig. 82) he, a diameter and qr a cliord of contact^ 
then is q'r parallel to ot. 

RQ being parallel to ^, and oq' = ~ oq, we have 

RQ = 2 y/?, Rq' = yP — xa — xa — yl3; 

whence, directly rq' = — 2a;a ; as also Srq<^rq' = 0, rq and rq' 
being supplementary chords. 

6. T7ie points in which any tivo parallel tangents as q'tJ qt 
(Fig. 82) are intersected by a third tangent^ as ttJ lie on conju- 
gate diameters. 

The equation of rt' is Sttc^p = 1, and that of q't' is H7r'<t>p'= 1 . 
For the point tJ tt = tt' ; whence, by subtraction, 

Sn-<^(/>-p') = 0. 

7. Chord of contact. 

The equation of the tangent, 

is linear, and satisfied for both q and r. Hence, writing a for p 
as the variable vector, tt being constant, 

So'<^7r = 1 
is the equation of the chord of contact. 

8. To find the locus of t for all chords through a fixed point 
(Fig. 82). 

Let s be a fixed point of the chord rq, so that os = o- = a 
constant. Then 

a right line perpendicular to <^tr, or parallel to the tangent at the 
extremity of os, and the locus of t for all chords through s. 
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9. Any semi'diameter is a mean proportional between the dis- 
tances from the center to the points where it meets the ordinate of 
any point aiid the tangent at that point. 




OD (Fig. 82) and op being still represented by ^ and a, let 
OT = x'a and oq = p = a;a + yp. Then from the equation of the 
tangent, Sn-<^p= 1, we obtain 

Sa?'a<^(aja -f- yP) = 1 ; 



whence, since Sa<^)8 = 0, 
or 



aja;'Sa^a= 1, 
xx^ = 1 ; 



or 



•. aki • aj'a = a', 



ON . OT = OP^. 



10. iJ^DD' (Fig. 82) and pp' are conjugate diameters^ then are 
pi> and Ti>^ proportional to the diameters 2>arallel to them. 

With the same notation 



whence 



DP = a — ^, D'p = a4-^, 

OE = m(a — )8), 0¥ = n{a. -\- P) . 
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From the equation of the ellipse 

Swi(a - I3)<t>m(a - )3) = 1, (a) 

and 

S»i(a -f- y8) <^n (a H- /g) = 1 . (h) 

Now, from (a) , since S)8</»/S = Sa<^a = 1 and S^<^a = Sa</>j3 = 0, 

2?n2=l. 
Similarl}^, from (6) , 

2n2==l; 

.*. 7n = n. 
Also 

dp: D'p::T(a — /?) : T(a + y3) 

::Tm(a-^)8) : Tn(a + )8) 

: : OE : OF. 

11. Tlie diameters along the diagonals of the parallelogram on 
the axes are conjugate; and the same is time of diameters along 
the diagonals of any parallelogram whose sides are the tangents at 
the extremities of conjugate diameters, 

12. Diameters parallel to the sides of an inscribed parallelo- 
gram are conjugate. 

Fig. 83. 

R 




Let the sides of the parallelogram (Fig. 83) be 

pp' = a, PQ = fi, 
and let 

OP = p, OQ = p*. 

Then 

op' = p + a, OQ' = p' -h a, pf — pz=z0. 
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From the equation of the ellipse, Sp<^p= 1 , we have for q' and p' 

S(p'+a)</»(p'+a)=l, 

whence, since Sp<t>p = Sp'<^p' = 1, 



Subtracting 



or 



2SaV+Sa0a = O, 
2 SqL<^p 4" Sa</)a = 0. 

Sp'<l>a — Sp<^a = 0, 



13. The rectangle of the iierpendiculars from the foci on the 
tangent is constant^ and equal to the square of the semi-conjugate 



axis. 



Tig. 83. 




Let the tangent be drawn at r (Fig. 83) and or = p. Then 
fl>p is parallel to the normal at r, that is, to the perpendiculars 
FD, f'd! Hence, of being a, 

OD'=a;'<^/> — a, 

OD = a + Xffyp^ 

which, since d and d' are on the tangent, in S7r<^/» = 1 give 

H(x'<f>p — a)<t>p:=l, 
S(a + Xtfip)ff>p =1, 

or 

x\4>py^\ +Hatl>p^ 



whence 



and 



But 
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Tx<l>p =FD =T 7—^5 

<PP 



2 

-1 



or, substituting a^p^ from Equation (234) and a^ = — a^e^, 

Also 

1 -(Sa</>p) = l^L a^i^^e-^) J = ^^i 

,, rt4-.(Sap)2 a«(l-e2) 



14. The foot of the perpendicular from the focus on the tangent 
is in the circumference of the circle described on the major axis. 

To prove this we have to show that the line od (Fig. 83) is 
equal to a. Now 

OD = a -f- ^i>p 

<^p(l— Sa<^p) 

from the preceding example. Hence 

rr.^^\2 2 , 2Sa<^p(l — Sa<^p) , (1— Sa<^p)^ 

(ov)=-+ — ^^ — + {<t>pr 

_ , l-{Sa<l>p)\ a«-(Sap)'a«(l-e») 

= _aV-a«(l-e*) = -a*; 

.'. CDs a. 



y 
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from which, substituting dp in the above, 

S(p<^7r — p€l>p + Tra"*— pa"^) = ; (a) 

or, since Sp</>/o = 1 - 2Hpa-^ [Eq. (239)], 

f^<l>p - 1 + 2Spa-^ + STra-^ - Spa'^ = 0, 

whence 

S7r(<^/) + a-^) + S/)a->=l . . . . (243), 

the equation of the tangent Une. 

3. From (a) we obtain 

8(7r-p)(</>p + a-0 = 0; 

or, since tt — p is a vector along the tangent, 

</>p 4- a"^ 
. is in the direction of the normal. 

4. If cr be a vector to any point of the normal, the equation 

of the normal will be 

(r = p-\-x(ct>p'\-a-^) (244). 

5. The Cartesian form of Equation (239) is obtained by 

making 

p — xi-^ yj, a = FO (Fig. 80) = —pi ; 

XI -\-yi 

whence, liquation (239) becomes 

P- P 

the equation of the parabola referred to the focus. 
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97. Examples. 

1. The subtangent is bisected at the vertex. 

rig. 84. 




We have (Fig. 84) ft = xa, which in the equation of the tangent 



i^ -1 



S7r(</)/)-ha-^) + Spa-» = l 



gives 



i^-i 



^xa(<t>p + tt-^) + Sa-> = 1 



But Sa<^/3 = ; hence 
multiplying b}^ a 



Xa -f* aSa~^p = a, 

(a; — J)a = a — ^a — aHa'^p 
= -Ja — afia" p, 
AT = — AF — aSa"^p. 



(«) 



But the value of <^,o gives 



a<l>p = p — a" Sap ; 



APPLICATIONS TO LOCI.. 217 

and, since <l>p is a vector along mp and a"' Sap a vector along fm, 
from p = FM -f- MP we have 

FM = a"* Sap = aSa-^p, (6) 

MP =ia^ffip; (c) 

.•. AT = — AF — FM = — AM, 

or, as lines, 

AT = AM. 

2. Tlie distances from the focus to the point of contact and the 
intersection of the tangent ivith the axis are equal. 



or (Fig. 84), 



OJa = a — aSa" p, 

(FT)»=(a-aSa-V)* 
= (a — a~^Sap)* 

_ (g' -. SapY 



[Eq. (238)] 



a» 



= P^ 



.*. FP= FT. 



3. The stibnormal is constant and equal to half the parameter. 

The vector-normal being <^,o4-a~^ (Art. 96, 3), we have 
(Fig. 84) 

pN = 2;(<^'j-|-a'*); 
but 

PN = PM -f MN 

= — a^<^p -t- Xa ; [Ex. 1, (c)] 

. u Si{<t>p + a~^) = — a^<l>p -f it*a, 

2; = — a- = itV, 



or 



X = — 1, Xa=: — a; 



or, the distances mn and fo are equal, and the subnormal = ^>, 
a constant. 

4. The perpendicular from the focus on the tangent intersects 
it on the tangent at the vertex^ and aq = ^mp (Fig. 84). 
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Since (Ex. 2) fp = ft = pd, fd is perpendicular to pt or par- 
allel to PN. Otherwise : 

NP = -2;(</>^-fa-') = a*(«^p-f a-^ (Ex. 3) 

= a^<f>p 4- a = MP 4- FO, [Ex. 1, (c)] 



But 



ar<f>p -I- a = FO + OD = FD. 
|fd = FQ = ia^<t>p -h ia 



5. To find the locus of the intersection of tlie perpendicular 
from the vertex on the tangent and the diameter produced 
throtigh the point of contact. 



Fig. 84. 




Let Fs = cr (Fig. 84) be a vector to a point of the locus. 
Then 

FS = FA + AS = FP -|- PS, 
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Operating with x S . <f>p, then, since Sai^p = [Eq. (241)], 

z{i,py = Sp,j>p = a\^py ; [Eq. (242)] 

and 
or 

cr — I a = o?<j>p. 

Operating with X S . a 

S((r-fa)a=0, 
Scra = -^(Ta)2, 

or [Eq. (180)], the locus is a right line ^perpendicular to the 
axis and f p distant from the focus. 

6. To find the locus of the intersection of the tangent and the 
perpendicular from the vertex. 

If the origin be taken at the vertex, then since <^p -\- a~^ is a 
vector along the normal, the equation of the locus will be 

IT = x{if>p + a'^) , (a) 

To eliminate a?, operate with S . a x which gives 

/>♦ 

X = SttTT, whence Sa' V = -. 

a^ 

To eliminate p, the equation of the tangent, S7r(^p-|-a"^) + 
Spa"^ = 1 , for the new origin becomes 

sf^-hf\(<t>p + a-') + Spa-' = h 

or 

2 STTi^p + 2 Sa- V + 2 Sa" V = 1 • 

Operating on (a) with X S • <^p, whence S7r</>p = a;(<^p)^, the 
precednig equation becomes 

2x-(^p)»-?| + 2Sa-V=l. (6) 
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Also [Eq. (242)] Sp«^p = a-(<^,o)^, which, hi the equation of 
the parabola Sp(0p -f- 2a"^) = l, gives 

a\<t>py-h2Ha-'p = l. (c) 

Whence, from (b) and (c) , b}' subtraction, 

2 ^2? 



2 cf^o; -h cr 

But, from (a), 

/^ X. 7r2-2a.-S7ra-^-f ar^a-2 -2 1 
(</>p)- = ^ = ^ + ^- 

Equating these values of (<^/3)*, and substituting the value of .r, 

which is the equation of the locus required. To transform to 
Caitesian coordinates, make 

7r = xi -\- yj\ and a = at, 
whence 

TT* = — (aj2 -f y2) , SaTT = — ceaj, a^ = — rt^, 
and 

• r = » 

a 
a; 

2 

the equation of the cissoid to the circle whose diameter is the 
distance from the vertex to the directrix. 

7. If pp' (Fig. 75) be a focal chords and pa, t^a*^ produced 
meet the directrix in d', d, tJien will pd and p'd' be parallel to af. 

AD'= — aJAP = AO + OD,' 

or 

Operating with S . a x 

iC(a2 - 2 Sap) = a*. (a) 
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Now TT = p and fp' = — x'p are vectors to points on the 
curve, and hence satisfy its equa- 
tion. Whence [Eq. (238)] ^'S' 75 (bis). 

aV = (a2~Sap)2, 
x'^aY = {a^ + x'^apy ; 



or 




ir'(a2-.Sap) = a2 + a;'Sa^, 

Hence, comparing with (a) , 

x = xl 

or, the sides produced of the 
triangle apf are cut propor- 
tionatiefy, and therefore d'p' is 
parallel to af. 

m 

8. 7/*, with a diameter equal to three times the focal distance^ 
a circle be described ivith its center at the vertex, the common 
chord bisects the line joining the focus and vertex. 

The equation of the curve being 

aV = (a2-Sa/o)2, (a) 

that of the circle whose center is a (Fig. 75), referred to f, is 

of the form [p:q. (210)] 

T(^-y) =T^, 
or, by condition, 

T(^p-|)=Tfa; 



p-l] =T\a^ 



which, in (a), gives 



p^ = Sa/3 + 1^6 a-, 



4 



which is the proposition. 
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98. The Cycloid. 

1. Let a and /3 be vectors along the base and axis of tlie 
cycloid and TyS = Ta = r, the radius of the generating circle. 
Then, for any point p of the curve, 

x = rO — r6\n$ = r{$ — sin $) , 
y=^r — rcos^ = r(l — costf), 

and the equation of the cj'cloid is 

p = (^-sin^)a-f-(l-cos^)/?. * 

ft 

2. The vector along the tangent is 

(1— cos^)a-|- sin^ • p^ 
and the equation of the tangent is 
ir=={e- 8in^)a + (1 - cos^))8 + ^[(1 - cos^)a + sin^ . ^]. 

3. The vector from p to the lower extremity of the vertical 
diameter of the generating circle through p is 

PC = — (1 — cosO)^ -h sin ^ • a, 

and, from the above expression, for the vector-tangent pt, 

S(pc.pt) = 0; 

. hence PC is perpendicular to the tangent, or the normal passes 
through the foot of the vertical diameter of the generating cir- 
cle for the point to which the normal is drawn, and the tangent 
passes through the other extremity. 

4. If, through p, a line be drawn parallel to the base, 
intersecting the central generating circle in Q, show that 
pQ = r(7r-— ^) = arcQA, a being the upper extremity of the 
axis. 
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5. With the notation of Ex. 6, Art. 86, 

p' =(1 — cos^)a-f- sin^ . /8, 
p'2^-[(l~cos^)2 + 8in2^]r2, 
Tp ' = r Vl - 2 cos^ + cos2<y _|_ ^^^20 ^ j, V2-"2cos^ 
= 2rsin^^ ; 
8-80= r2rsin|^ = [4rcos^^]^ =8r, 

the length of the entire curve. 

6. With the notation of Ex. 7, Art. 86, 

TYpp'= TV[(^ - sin^)sin^ . a/8 + (1 - cosOyfia] 
= TY[(^ sin^ - sm^O - (1- cos^)2]aj8 
= 7^(0 sin ^ + 2 cos^ — 2) . 
^ -^0 = r" flo sin ^ + 2 cos 0-2) 

•] 

J27r 

= r^(3sin^ - costf - 2^)T= Sttt*, 



= ["-(sin^ -OcosO + 2sin^ - 2^)7 



the whole area of the curve. 

99. Elementary Applications to Mechanics. 

* 

1. If 6 be the magnitude of any force acting in a known di- 
rection, the force, as having magnitude and direction, may be 
represented by the vector symbol jS, which is independent of 
the point of application of the force. In order, completely, to 
define the force with reference to any origin o, the vector OA=a, 
to its point of application a, must also be given. For concur- 
ring forces, whose magnitudes are bi dj' , we have, for the 

resultant, p = 2)8{ which is true, whether the forces are compla- 
nar or not, and is the theorem of the x>olygon of forces extended. 
For two forces, /3 = )8'-|- ^" ; whence p' = )8'- + jS''^ _|. 2 S)8')g", or 
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6« = 6« + 6"« -f- 2 &'6" cos^, which is the theorem of the parallelo- 
gram of forces. For an}' number of concurring forces, the con- 
dition of equilibrium will be 2)8'= 0. For a particle constrained 
to move on a plane curve whose equation is p= ^{t)^ dp being 
in the direction of the tangent, since the resultant of the ex- 
traneous forces must be normal to the curve for equilibrium, we 
have 

SdpS/Q'= Mpfi = 0. (a) 

2 . If oa' = a; and p' is a force acting at a,' then T Va'/8' = a '5' sin ^ 
is the numerical value of the moment of the couple )3' at a' and 
— P^ at o. Representing, as usual, the couple b}- its axis, its 
vector sj-mbol will be Va'^SI If — )8' act at some point other 
than the origin, as cj and oo'= y\ the couple will be denoted by 
V(a'— y')/8I From this vector representation of couples, it fol- 
lows that their composition is a process of vector addition; hence 
the resultant couple is 2V(a'— y^)P\ and, for equilibrium, 
2V(a'— y ')/?'= 0. If the couples are in the same or parallel 
planes, their axes are parallel and T2 = 2T. Since o!—y' is 
independent of the origin, the moment of the couple is the same 
for all points. Since V(a'— y')p'= Va'^S'— Vy')8J the moment of 
a couple is the algebraic sum of the moments of its component 
forces. If the forces are concurring, and a' is the vector to 
their common point of application, SVa')8'= VSa')3'= Va'2/8'= 
Va')8, or the moment of the resultant about any point is the sum 
of the moments of the component forces. When the origin is on 
the resultant, a' coincides with /S' in direction, and Va')8 = ; or 
the algebraic sum of the moments about any point of the restiltant 
is zero. If a single force /8' acts at aJ we may, as usual, intro- 
duce two equal and opposite forces at the origin, or at any other 
point c; and thus replace p\> b}' l3'o and Ya'/S', or by /5'o' and 
V(a'— y')P» If ^ be a unit vector along any axis oz through the 
origin, then the moment of /?' acting at aJ with reference to the 
axis oz, will be - S^S'a'f, or - S . CV/?'ai If P' and C are in the 
same plane, in which case the}' either intersect or are parallel ; 
or, if the axis passes through a' there will be no moment: in 
these cases, a', p' and C are coniplanar, and — SyS'a'^ = 0. 
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3. If the forces are parallel, their resultant /? = S)S'= 25'U/3' 
= U^26' ; and, therefore, for equilibrium, 2Ty3'= S&'= 0. The 
moment of a force with reference to any axis oz through the 
origin being -^ S^'a'^, and the moment of the resultant being 
equal to the sum of the moments of the components, we have 
S/8a^=2S/8'a'^, which, for parallel forces, becomes S(S6' . V^ . aC) 
= S(U/326'a' . Oi which, being true for sluj axis, is satisfied 
for 26' . a = 5&'a' ; 

26'a' 



a = 



26' 



ib) 



which is independent of U/9, and hence is the vector to the ceii- 
ter of parallel forces. When 2?>'= 0, the above equations give 
P = and a = 00, the S3^stem reducing to a couple. For a sys- 
tem of particles whose weights are w', iv',' , we have the vec- 

tor to the center of gravity a = -. From this equation, 

2it^'(a — a') = ; whence, if the particles are equal, the sum of 
the vectors from the center of gravity to each particle is zero; and, 
if unequal, and the length of each vector is increased propor- 
tionately to the weight of each particle, their sum is zero. For 

equal particles, a = -, or the center of gravity of a system of 

equal particles is the mean point (Art. 18) of the polyedron of 
which the particles are the veHices, For a continuous body 
whose weight is lo^ volume v^ and density d at the extremity of 

a, «=-- , in which 2 mav be replaced by the integral sign 

2j>dv 

if the density is a known function of the volume. For a homo- 

geneous body, a = — — , which is applicable to lines, surfaces 

2tdv 

or solids, v representing a line, area or volume. Thus, for a 
plane curve p = <^(^) = a,' dv = ds = Tdp = T<^'(^)cfe and 

C<l>(t)T<f>\t)dt 

a^^ (0) 

J l!tt>\t)dt 
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4. General conditions of equilibrium of a solid body. Let 

the forces ^J )8J' , act at the points aJ aJ' of a solid body, 

and oa' = a\ oa" = a," Replacing each face by an equal 

one at the origin and a couple, the given s^'stem will be equiva- 
lent to a system of concurring forces at the origin and a system 
of couples. Hence, for equilibrium, 

2)8'= 0, (d) 

2Va')8'= 0. (e) 

Let i be the vector to any point x. Then, from (c?), 
V . £2^'= 0, and therefore, from (e) , V . ^2/8'= 2Va')8' ; whence 

SV^V- Vf^'i = 2Yi8'(a'- $) = 0. (/) 

Conversel}', f being a vector to any point, the resultant couple, 
for equilibrium, is SV(a'- ^)/8'= ; .-. 2Va')8'= and 2/S'= 0. 
Therefore (/) is the necessary and sufficient condition of equi- 
librium. 

This condition may be otlierwise expressed bj' the principle 

of virtual moments. Let 8, 8{' be the displacements. Then 

the virtual moment of y8' is — Sj8'8' ; and, for equilibrium, 
2S)8'S'=0. This equation involves (d) and (e). Thus, if the 
displacement corresponds to a simple translation, S'= 8"= 8'" 
= etc. = a constant^ and we may write 2S 3'3' = S32)8' = ; 
whence, since 8 is real, 5)8'= 0. Again, if the displacement 
corresjionds to a rotation about an axis f , ( being a unit vector 
along the axis, 

the last term being a vector perpendicular to the axis. For a 
rotation about this axis through an angle ^, this term becomes 

— C^fFCa'= - ^cos^ VCa'+ sin^ V^aJ and a' becomes 

a'i= - eSJa'- ^ cos^ V^a'-f sind VX' 

which, for an infinitsly small displacement, 

=-fsra'-ma'+ma? 
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Placing the scalar factor under the vector sign and writing C 
simply for ^f , to denote the indefinitely short vector along oz, 

a'-f3'=a'+yCa'; 

or, 8'= Yfaf Hence 2S/?'S'= SSi3'Yfa'= S£SYa')S' ; or, since ^ is 
not zero, 5ya'^'= 0. 

5. Illustrations, 

(1) Three concurrent forces, represented in magnitude and 
direction b}' the medials of any triangle, are in equilibrium. 
(See Ex. 2, Art. 18.) 

(2) If three concurring forces are in equilibrium, they are 
complanar. B}' condition, ^'+)3"-|-/3"'=0. Operating with 
8 . /3'^" X , we have S)8'/3"/3'"= 0. 

(3) In the pi-eceding case, operating with Y. yS'x, we have 
Y)8'/?"4-Y)8'^"'= ; whence, since 'the forces are complanar, 
TYy8'^"= TY)8'/3;" or 6'6" sin(^; /?") = 6'6'" sin()8; )3"') . A sim- 
ilar relation may be found for au}^ two of the forces ; whence 

Vi b^'iW: : sin(/?!' /8'"): sin(^; /S"')- sin(/S; /S"). 

(4) If two forces are represented in magnitude and position 
b)'' two chords of a. semicircle drawn from a point on the circum- 
ference, the diameter through the point represents the resultant. 

(5) A weight, «?{ rests on the arc of a vertical plane curve, 
and is connected, by a cord passing over a pulley, with another 
weight, to'J Find the relation between the weights for equili- 
brium. 

(a) Let the curve be a parabola, and the pulle^y at the focus. 
Then, from Eq. (a) of this article, the equation of the curve be- 
ing p = — (f—I^)a+yp, we have 
2p 
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in which r = radius vector. Hence 

}) ^ pr r ' 

or, since r = x + p^ w^=w[' Hence, if the weights are equal, 
equilibrium will exist at all points of the curve. 

{b) Let the curve be a circle and the pulley at a distance m 
from the curve on the vertical diameter produced. With the 
origin at the highest point of the circle, p = xaL-\~ V2Ra; ~ x^fi. 
Hence, r being the distance of the pulley from wl 






R-f- Wl 

(c) Let to be placed on the concave arc of a vertical circle, 
and acted upon b}' a repulsive force varying inversely as tlie 
square of the distance from the lowest point of the circle. To 
find the position of equilibrium. The origin being at the lowest 
point of the circle, and r the distance required, let p be the 

intensity of the force at a unit's distapce ; then ^ will be its 
intensity' for any distance r, and 

whence 

r = 

(d) Let w* rest on a right line inclined at an angle 6 to the 
horizontal, and connected with w" bj' a cord passing over a pul- 
le}' at the upper end of the line. Find the relation between the 
weights. With the origin at the lower end of the line, its equa- 
tion is p = xa. If /? is in the direction of wl then Sa(to'/3+w"a) 
= 0; .*. w^'=::w' sinO. 

(6) To find the center of gravitj^ of three equal. particles at 
the vertices of a triangle, a, b, c being the vertices, the vector 
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from A to the center of gravity of the weights at a and b is 
|^AB = AD. The vector to the center of gravity of the three 
weights is ^(ab + ac) = ^ab -j-iCDC = ^ab +a;( — ^ab -}- ac) ; 
.«. x=i^ and the required point is the center of gravity of the 
triangle. 

(7) Find the center of gravity of the perimeter of a triangle. 

(8) Find the center of gravity of four equal particles at the 
vertices of a tetraedron. 

(9) Show that the center of gravity of four equal particles 
at the angular points of an}' quadrilateral is at the middle point 
of the line joining the middle points of a pair of opposite sides. 

(10) The center of gi-avity of the triangle formed b}' joining 
the extremities of perpendiculars, erected outwards, at the mid- 
dle points of any triangle, and proportional to the corresponding 
sides, coincides with that of the original triangle. Let abc be 
the triangle, bc = 2a, ca = 2^ and c a vector perpendicular to 
the plane of the triangle. Then, if m is the given ratio, b the 
initial point, and Ri, Rg, Rg the extremities of the perpendiculars 
to BC, ca, ab, respectivel}', 

BRi = a 4- Wea, BR2 = 2 a -f- /? + ?W€)S, BRg = a + )8 — m€(a +fi) ; 
.-. i(BRi-f-BR2H-BR3) = i(4a+2/8) = -J[2a-f 2(a-f/8)]. 

(11) To find the center of gravit}' of a circular arc. The 
equation of the circle p = r(cos^ . a-f-sin^ . )8), gives dp = 
r{— 8inO • a-|-cos^ • /3)d6 ; 

C<t>{e)l!<t>\0)dO Cr{coQe .a + sinO. p)d6 

. * • o.\ ^^ — := • 

\^<t>\e)dje xdjQ 

For an arc of 90° integrating between the limits - and 0, 
tti = — (a -I- )&) , the distance from the center being — v2 ; which 

TT TT 



